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Abstract

A linear operator T between two lattice-normed spaces is said to be p-compact if, for any p-bounded
net xy, the net Txy has a p-convergent subnet. p-Compact operators generalize several known classes of
operators such as compact, weakly compact, order weakly compact, AM-compact operators, etc. Similar
to M-weakly and L-weakly compact operators, we define p-M-weakly and p-L-weakly compact operators
and study some of their properties. We also study up-continuous and up-compact operators between lattice-
normed vector lattices.
© 2017 Royal Dutch Mathematical Society (KWG). Published by Elsevier B.V. All rights reserved.
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1. Introduction

It is known that order convergence in vector lattices is not topological in general. Neverthe-
less, via order convergence, continuous-like operators (namely, order continuous operators) can
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be defined in vector lattices without using any topological structure. On the other hand, compact
operators play an important role in functional analysis. Our aim in this paper is to introduce and
study compact-like operators in lattice-normed spaces and in lattice-normed vector lattices by
developing topology-free techniques.

Recall that a net (x,)yc4 in a vector lattice X is order convergent (or o-convergent, for short)
to x € X, if there exists another net (yg)gep satisfying yg | 0, and for any B € B, there exists
ag € Asuchthat [xo—x| < yg forall o > ag. In this case we write x, 2 x.Ina vector lattice X,
anet x, is unbounded order convergent (or uo-convergent, for short) to x € X if |x, —x|Au %0
for every u € X ; see [11]. In this case we write x, = x.In a normed lattice (X, IID, a net
Xq 1S unbounded norm convergent to x € X, written as x, 5 oxif I [xo — x| Aul| — O for
every u € Xy; see [8]. Clearly, if the norm is order continuous then uo-convergence implies un-
convergence. Throughout the paper, all vector lattices are assumed to be real and Archimedean.

Let X be a vector space, E be a vector lattice, and p : X — E, be a vector norm
(Ge. px) =0 x =0, pOAx) = [A|p(x) forall A € R, x € X, and p(x +y) < p(x)+ p(y) for
all x,y € X) then the triple (X, p, E) is called a lattice-normed space, abbreviated as LNS.
The lattice norm p in an LNS (X, p, E) is said to be decomposable if for all x € X and
ey, ey € E, it follows from p(x) = e + e, that there exist x;, x, € X such that x = x| + x»
and p(x;) = e for k = 1,2. If X is a vector lattice, and the vector norm p is monotone
(i.e. |x] < |yl = p(x) < p(y)) then the triple (X, p, E) is called a lattice-normed vector lattice,
abbreviated as LNVL. In this article we usually use the pair (X, E) or just X to refer to an LNS
(X, p, E) if there is no confusion.

We abbreviate the convergence p(x, — x) > 0 as xg L x and say in this case that
X p-converges to x. A net (x4)qca in an LNS (X, p, E) is said to be p-Cauchy if the net
(X¢ — X' )@.a)eaxa p-converges to 0. An LNS (X, p, E) is called (sequentially) p-complete
if every p-Cauchy (sequence) net in X is p-convergent. In an LNS (X, p, E) a subset A of X is
called p-bounded if there exists e € E such that p(a) < e foralla € A. An LNVL (X, p, E) is
called op-continuous if x, >0 implies that p(x,) >0.

A net x, in an LNVL (X, p, E) is said to be unbounded p-convergent to x € X (shortly, x,
up-converges to x or xy £ x), if p(|xe — x| A u) > Oforallu € X ; see [4, Def.6].

Let (X, p, E) be an LNS and (E, | - || g) be a normed lattice. The mixed norm on X is defined
by p-llxllg = |[px)||g for all x € X. In this case the normed space (X, p-|| - ||g) is called a
mixed-normed space (see, for example [13, 7.1.1, p.292]).

A net x, in an LNS (X, p, E) is said to relatively uniformly p-converge to x € X (written
as, X, x x) if there is e € E such that for any ¢ > 0, there is «, satisfying p(x, — x) < ee
for all @ > «,. In this case we say that x, rp-converges to x. A net x, in an LNS (X, p, E)
is called rp-Cauchy if the net (xo — Xo/)a.0/yeaxa Fp-converges to 0. It is easy to see that for
a sequence x, in an LNS (X, p, E), x, B x iff there exist e € E and a numerical sequence
&x 4 0 such that for all k € N and there is n; € N satisfying p(x, — x) < ere for all n > ny.
An LNS (X, p, E) is said to be rp-complete if every rp-Cauchy sequence in X is rp-convergent.
It should be noticed that in a rp-complete LNS every rp-Cauchy net is »p-convergent. Indeed,
assume Xx, is a rp-Cauchy net in a rp-complete LNS (X, p, E). Then an element e € E exists
such that, for all n € N, there is an «, such that p(xy — x,) < %e for all o, o' > «,. We select
a strictly increasing sequence «,. Then it is clear that x,, is rp-Cauchy sequence, and so there
is x € X such that x,, B oy Let no € N. Hence, there is ,, such that for all & > a,, we have

plxy — xano) < %e and, for alln > ng p(x — xano) < %e, from which it follows that x, L
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We recall the following result (see for example [13, 7.1.2,p.293]). If (X, p, E) is an LNS such
that (E, || - ||g) is a Banach lattice then (X, p-|| - | g) is norm complete iff the LNS (X, p, E)
is rp-complete. On the other hand, an LNS (X, p, E) is sequentially p-complete then it is
rp-complete. Indeed, suppose x,, is an rp-Cauchy in X. Then there exist e € E and a numerical
sequence & | O such that for all k € N and there is n; € N satisfying

P(Xn — Xp) < &xe (1.1)

for all n, m > ny. Since E is Archimedean then gxe | 0 and so the sequence x, is p-Cauchy. As
X is sequentially p-complete then there is x € X such that x, 2 x. 1t follows from [4, Lm. 1]
that lattice operations are p-continuous and so by letting m — oo in (1.1) we get

px, —x) < &e (1.2)

for all n > ny. That is x, L x.The following result follows readily.

Lemma 1. Let (X, p, E) be an LNS such that (E, | - ||g) is a Banach lattice. If (X, p, E) is
sequentially p-complete then (X, p-|| - ||g) is a Banach space.

Consider LNSs (X, p, E) and (Y, m, F). A linear operator T : X — Y is said to be dominated
if there is a positive operator S : E — F satisfying m(Tx) < S(p(x)) for all x € X. In this
case, S is called a dominant for T. The set of all dominated operators from X to Y is denoted by
M (X, Y). In the ordered vector space L~ (E, F) of all order bounded operators from E into F,
if there is a least element of all dominants of an operator 7' then such element is called the exact
dominant of T and denoted by |T|; see [13, 4.1.1,p.142].

By considering [13, 4.1.3(2),p.143] and Kaplan’s example [2, Ex.1.17], we see that not every
dominated operator possesses an exact dominant. On the other hand if X is decomposable and
F is order complete then every dominated operator 7 : X — Y has an exact dominant |7'|; see
[13,4.1.2,p.142].

We refer the reader for more information on LNSs to [5,9,14,13] and [4]. It should be noticed
that the theory of lattice-normed spaces is well-developed in the case of decomposable lattice
norms (cf. [13,14]). In [6] and [18] the authors studied some classes of operators in LNSs under
the assumption that the lattice norms are decomposable. In this article, we usually do not assume
lattice norms to be decomposable.

Throughout this article, L(X, Y) denotes the space of all linear operators between vector
spaces X and Y. For normed spaces X and Y we use B(X, Y) for the space of all norm bounded
linear operators from X into Y. We write L(X) for L(X, X) and for B(X) for B(X, X). If
X is a normed space then X* denotes the topological dual of X and By denotes the closed
unit ball of X. For any set A of a vector lattice X, we denote by sol(A) the solid hull of A,
i.e. sol(A) = {x € X : |x]| < |a| for some a € A}.

The following standard fact will be used throughout this article.

Lemma 2. Let (X, || - ||) be a normed space. Then x, LY x iff for any subsequence x,, there is

I-1]
a further subsequence x,, . such that x,, — x.
J J
The structure of this paper is as follows. In Section 2, we recall definitions of p-continuous and
p-bounded operators between LNSs. We study the relation between p-continuous operators and
norm continuous operators acting in mixed-normed spaces; see Proposition 3 and Theorem 1.
We show that every p-continuous operator is p-bounded. We end this section by giving a
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generalization of the fact that any positive operator from a Banach lattice into a normed lattice
is norm bounded in Theorem 2.

In Section 3, we introduce the notions of p-compact and sequentially p-compact operator
between LNSs. These operators generalize several known classes of operators such as compact,
weakly compact, order weakly compact, and AM-compact operators; see Example 3. Also
the relation between sequentially p-compact operators and compact operators acting in mixed-
normed spaces are investigated; see Propositions 7 and 8. Finally we introduce the notion of a
p-semicompact operator and study some of its properties.

In Section 4, we define p-M-weakly and p-L-weakly compact operators which correspond
respectively to M-weakly and L-weakly compact operators. Several properties of these operators
are investigated.

In Section 5, the notions of (sequentially) up-continuous and (sequentially) up-compact
operators acting between LNVLs, are introduced. Composition of a sequentially up-compact
operator with a dominated lattice homomorphism is considered in Theorem 8, Corollary 3, and
Corollary 4.

2. p-continuous and p-bounded operators

In this section we recall the notion of a p-continuous operator in an LNS which generalizes
the notion of order continuous operator in a vector lattice.

Definition 1. Let X, Y be two LNSsand 7' € L(X, Y). Then

(1) T iscalled p-continuous if x, L 0inx implies 7 x, L 0in Y. If the condition holds only
for sequences then T is called sequentially p-continuous.
(2) T is called p-bounded if it maps p-bounded sets in X to p-bounded sets in Y.

Remark 1.

(i) The collection of all p-continuous operators between LNSs is a vector space.

(i) Using rp-convergence one can introduce the following notion:

A linear operator T from an LNS (X, E) into another LNS (Y, F) is called rp-continuous
if x, 2 0in X implies T x, % 0in Y. But this notion is not that interesting because it
coincides with p-boundedness of an operator (see [5, Thm. 5.3.3 (a)]).

(iii)) A p-continuous (respectively, sequentially p-continuous ) operator between two LNSs is
also known as bo-continuous (respectively, sequentially bo-continuous) see e.g.
[13,4.3.1,p.156].

(iv) Let (X, E) be a decomposable LNS and let F be an order complete vector lattice. Then
T € M,(X,Y) iff its exact dominant |T| is order continuous [13, Thm.4.3.2], where
M, (X, Y) denotes the set of all dominated bo-continuous operators from X to Y.

(v) Every dominated operator is p-bounded. The converse not need be true, for example
consider the identity operator I : (£, ||, €s0) = (£xo, |l - I, R). It is p-bounded but not
dominated (see [5, Rem.,p.388]).

Next we illustrate p-continuity and p-boundedness of operators in particular LNSs.

Example 1.

(i) Let X and Y be vector lattices then T € L(X,Y) is (o-) order continuous iff T
X, |-, X) = (¥, |-], Y) is (sequentially) p-continuous.
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(i) Let X and Y be vector lattices then T € L™(X,Y)iff T : (X, ||, X) —> (¥,|],Y) is
p-bounded.

(iii) Let (X, ||-|lx)and (Y, || - |ly) be normed spacesthen T € B(X, Y)iff T : (X, || - |lx,R) —
&, - lly, R)is p-continuous iff 7" : (X, || - ||x, R) = (¥, || - lly, R) is p-bounded.

(iv) Let X be a vector lattice and (Y, || - ||y) be a normed space. Then T € L(X,Y) is called

order-to-norm continuous if x, % 0in X implies T x, w) 0, see [16, Sect.4,p.468].

Therefore, T : X — Y is order-to-norm continuous iff 7 : (X, |-|, X) — (¥, | - lly,R) is
p-continuous.

Lemma 3. Given an op-continuous LNVL (Y, m, F) and a vector lattice X. If T : X — Y is
(0-) order continuous then T : (X, ||, X) — (Y, m, F) is (sequentially) p-continuous.

Proof. Assume that X > x, 2 0in (X, |], X) then x, > 0in X. Thus, Tx, — 0in Y as T is
order continuous. Since (Y, m, F') is op-continuous then m(T x,) 25 0inF.T herefore, T x,, L))
in Y and so T is p-continuous.

The sequential case is similar. [

Proposition 1. Let (X, p, E) be an op-continuous LNVL, (Y, m, F) be an LNVL and T
X, p, E) - (Y, m, F) be a (sequentially) p-continuous positive operator. Then T : X — Y is
(0 -) order continuous.

Proof. We show only the order continuity of T, the sequential case is analogous. Assume x, | 0
in X. Since X is op-continuous then p(x,) | 0. Hence, x, £ 0in x. By the p-continuity of T,
we have m(T x,) > 0in F. Since 0 < T then Tx, |. Also we have m(T x,) > 0, so it follows
from [4, Prop.1] that Tx,, | 0. Thus, T is order continuous. [J

Proposition 2. Let (X, | - ||x) be a o-order continuous Banach lattice. Then T € B(X) iff
T:(X, |-, X) = (X, | llx,R) is sequentially p-continuous.

Proof. (=) Assume that T € B(X), and let x, 2 0in (X, ||, X). Then x, > 0in X. Since

(X, |l llx) is o-order continuous Banach lattice then x,, M 0 and hence T x,, M 0. Therefore,

T:(X,|'], X) = (X, ] - llx, R) is sequentially p-continuous.

(<) Assume T : (X, ||, X) — (X, |-[|x. R) to be sequentially p-continuous. Suppose x, —2> 0

and let x,, be a subsequence. Then clearly x,, LiLe 0. Since (X, || - ||x) is a Banach lattice,
there is a subsequence Xy such that Xy % 0in X (cf. [19, Thm.VIL.2.1]), and so Xy L)}

in (X, ||, X). Since T is sequentially p-continuous then Txnki M 0. Thus, it follows from

Lemma 2 that T'x,, LY 0. O

Proposition 3. Let (X, p, E) be an LNVL with a Banach lattice (E, || - ||g) and (Y, m, F) be
an LNS with a o -order continuous normed lattice (F, || - ||g). If T : (X, p, E) > (Y, m, F) is
sequentially p-continuous then T : (X, p-|| - |g) = (Y, m-|| - ||F) is norm continuous.

Proof. Let x, be a sequence in X such that x, % 0 Ge. lpx)lle — 0). Given a
subsequence x,, then | p(x,,)llg — 0. Since (E, || - ||g) is a Banach lattice, there is a further
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subsequence X such that p(xnk,_) % 0inE (cf. [19, Thm.VIL.2.1]). Hence, Xy, 2 0in

(X, p, E). Now, the p-continuity of T implies m(T x,,kj) > 0in F. But F is o-order continuous

and so [|m(Tx,, )|lr — 0 or m-||Tx,, ||r — 0.Hence, Lemma 2 implies m-||T x|l — 0. So
J J

T is norm continuous. [

The next theorem is a partial converse of Proposition 3.

Theorem 1. Suppose (X, p, E) to be an LNS with an order continuous (respectively, o -order
continuous) normed lattice (E, || - ||g) and (Y, m, F) to be an LNS with an atomic Banach lattice
(F, || - | ). Assume further that:

G T: (X, p-ll- llg) = (Y, m-|| - |F) is norm continuous, and
) T:(X,p, E) = (Y,m, F)is p-bounded.

ThenT : (X, p, E) — (Y, m, F) is p-continuous (respectively, sequentially p-continuous).

Proof. We assume that (E, | - ||g) is an order continuous normed lattice and show the
p-continuity of 7', the other case is similar. Suppose x, L 0in (X, p, E) then p(x,) %0
in E and so there is o such that p(x,) < e for all @ > ag. Thus, (x4)a>¢, is p-bounded and,
since T is p-bounded then (T x4 )q>q, is p-bounded in (Y, m, F).

Since (E, || - ||g) is order continuous and p(x,) > 0in E then lpGx)lle — O or
p-lxelle — 0. The norm continuity of T : (X, p-|| - |lg) — (¥, m-|| - ||F) ensures that
lm(Tx,)lF = 0 or m-||Txy||r — O.In particular, ||m(Tx,)||r — 0 for ¢ > .

Let @ € F be an atom, and f, be the biorthogonal functional corresponding to a then
fa (m(Txa)) — 0. Since m(T x,) is order bounded for all @ > o and f, (m(Txa)) — 0 for

any atom a € F, the atomicity of F implies that m(T x,) 2 0in F as oy < a — oo. Thus,
T :(X,p, E)— (Y,m, F)is p-continuous. []

The next result extends the well-known fact that every order continuous operator between
vector lattices is order bounded, and its proof is similar to [1, Thm.2.1].

Proposition 4. Let T be a p-continuous operator between LNSs (X, p, E) and (Y, m, F) then
T is p-bounded.

Proof. Assume that T : X — Y is p-continuous. Let A C X be p-bounded (i.e. thereise € E
such that p(a) < e foralla € A). Let I = N x A be an index set with the lexicographic
order. That is: (m,a’) < (n,a) iff m < n orelse m = n and p(a’) < p(a). Clearly, I is
directed upward. Define the following net as x(, o) = %a. Then p(X(n,a)) = %p(a) < %e. So

P(X(n,a)) > 0in E or X(n,a) 0. By p-continuity of T', we get m(T X, q)) 2 0. So there is
a net (zg)pep such that zg | 0 in F and for any 8 € B, there exists (n,a’) € I satisfying
m(T X(n,a)) < zp for all (n,a) > (n',a’). Fix By € B. Then there is (ng, ap) € I satisfying
m(T X(n,a)) < zg, for all (n,a) > (ng, ap). In particular, (ng + 1,a) > (no, ap) for all a € A.
Thus, m(T x(ug+1,0)) = m(n01+1 Ta) < zg, orm(Ta) < (ng + 1)zg, for all a € A. Therefore, T is
p-bounded. [

Remark 2.

(i) It is known that the converse of Proposition 4 is not true. For example, let X = CJO0, 1]
then X* = X~ and X, = X = {0}. Here X_ denotes the o-order continuous dual of
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X and X, denotes the order continuous dual of X. So, for any 0 # f € X* we have
f (X, |, X) = R, |], R) is p-bounded, which is not p-continuous.

) f T : (X,E) — (Y, F) between two LNVLs is p-continuous then 7 : X — Y
as an operator between two vector lattices need not be order bounded. Let us consider
Lozanovsky’s example (cf. 2, Exer.lO,p.289]). IfT : Ly[0, 1] — co is defined by

1 1
T(f)= (/ fx)sinx dx,/ f(x)sin2x dx,...).
0 0

Then it can be shown that 7 is norm bounded which is not order bounded. So T :
(LA[0, 10,01 - llz,» R) = (co, |l - lloos R) is p-continuous and T : L{[0, 1] — co is not
order bounded.

Recall that T € L(X,Y); where X and Y are normed spaces, is called Dunford—Pettis if
w . . . II-] .
X, = 0in X implies Tx, — Oin Y.

Proposition 5. Let (X, || - ||x) be a normed lattice and (Y, || - |ly) be a normed space. Put
E = RX" and define p : X — E, by p(x)[f] = |f|(Ix]) for f € X*. It is easy to see that
(X, p, E)isan LNVL (cf. [4, Ex.4]).

() If T € L(X,Y) is a Dunford—Pettis operator then T : (X, p, E) — (Y, | - lly,R) is
sequentially p-continuous.
(i1) The converse holds true if the lattice operations of X are weakly sequentially continuous.

Proof. (i) Assume that x, 2 0in X. Then p(x,) > 0in E, and hence p(x,)[f] — 0 or

| f1(|xx]) — O for all f € X*. From which, it follows that |x,| % 0and so Xy % 0in X. Since

T is a Dunford—Pettis operator then 7 x,, Ll 0.

(ii) Assume that x,, — 0. Since the lattice operations of X are weakly sequentially continuous
then we get |x,| 2 0. So, for all f € X*, we have | f|(Jx,]) — 0 or p(x,)[f] — 0. Thus,

Xy, L)) and, since T is sequentially p-continuous, we get T x,, M 0. Therefore, T is Dunford—

Pettis. O

Remark 3. It should be noticed that there are many classes of Banach lattices that satisfy
condition (ii) of Proposition 5. For example the lattice operations of atomic order continuous
Banach lattices, AM-spaces and Banach lattices with atomic topological dual are all weakly
sequentially continuous (see respectively, [17, Prop. 2.5.23], [2, Thm. 4.31] and [3, Cor. 2.2])

It is known that any positive operator from a Banach lattice into a normed lattice is norm
continuous or, equivalently, is norm bounded (see e.g., [2, Thm.4.3]). Similarly we have the
following result.

Theorem 2. Let (X, p, E) be a sequentially p-complete LNVL such that (E, || - ||g) is a Banach
lattice, and let (Y, || - ||ly) be a normed lattice. If T : X — Y is a positive operator then T is
p-bounded as an operator from (X, p, E) into (Y, || - |ly, R).

Proof. Since the mixed-norm space (X, p-|| - || ) is a Banach lattice by Lemma 1| and T viewed
as an operator from (X, p-|| - ||g) to (Y, || - |ly, R) is positive and, therefore norm bounded, then
T is p-bounded as an operator from (X, p, E) into (¥, || - ||y, R). O
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Example 2 (Sequential p-Completeness in Theorem 2 cannot be Removed). Let T
(co0s |l o) = (R, ]], R) be defined by T'(x,) = 220:1 nx,. Then T > 0 and clearly the
LNVL (cgo, ||, £00) is not sequentially p-complete.

Consider the p-bounded sequence e, in (cqo, ||, ). Since Te, = n for all n € N, the
sequence T'e, is not norm bounded in R. Hence, T is not p-bounded.

It is well-known that the adjoint of an order bounded operator between two vector lattices is
always order bounded and order continuous (see, for example [2, Thm.1.73]). The following two
results deal with a similar situation.

Theorem 3. Let (X, | - llx) be a normed lattice and Y be a vector lattice. Let Y. denote
the o-order continuous dual of Y. If 0 < T : (X, | - llx,R) — (Y, |:|,Y) is sequentially
p-continuous and p-bounded then the operator T~ : (Y, ||, Y) — (X*, || - llx+, R) defined
by T™(f):= f oT is p-continuous.

Proof. First, we prove that T~ (f) € X* for each f € Y. Assume x, LY 0. Since T is
sequentially p-continuous then T'x,, > 0in Y. Since f is o-order continuous then f(Tx,) — 0
or (f o T)(x,) — 0.Hence, we have f o T € X*.

Next, we show that 7™ is p-continuous. Assume 0 < f, > 0in Y, we show [T fyllx+ —
Oor | fo o Tllx» — 0. Now, |[fo o T'llx» = sup,cp,|(fo © T)x|. Since By is p-bounded in
(X, |l - llx,R) and T is p-bounded operator then T (By) is order bounded in Y. So there exists
y €Y, suchthat —y < Tx < yforall x € Bx. Hence — f,y < (fy o T)x < fyyforall x € By
and for all w. So || fy o Tllx* € [—fay, foey] for all «. It follows from [19, Thm.VIIIL.2.3] that
lim, f,y = 0. Thus, lim,, || f; o T'||x* = 0. Therefore, T~ is p-continuous. [

Theorem 4. Let X be a vector lattice and Y be an AL-space. Assume 0 < T : (X, ||, X) —
X, Il - lly, R) is sequentially p-continuous. Define T~ : (Y*, || - |lyx,R) — (X7, ||, X™) by
T~(f)= foT. Then T" is sequentially p-continuous and p-bounded.

Proof. Clearly, if f € Y* then f o T is order bounded, and so T77(f) € X™.

We prove that T~ is p-bounded. Let A € Y* be a p-bounded set in (Y*, || - ||y+, R) then there
is 0 < ¢ < oo such that || f|ly= < c forall f € A. Since Y* is an AM-space with a strong unit
then A is order bounded in Y*; i.e., thereis a g € Y such that —g < f < g forall f € A. That
is, —g(y) < f(y) < g(y) for any y € Yy, which implies —g(Tx) < f(Tx) < g(Tx) for all
x € Xy.Thus, —goT < foT <goTor—goT <T~f <goT forevery f € A. Therefore,
T~ (A)is p-bounded in (X, |-], X7). "

Ay

Next, we show that T is sequentially p-continuous. Assume 0 < f, —— O0in (Y™*, || - ||y*).

Since Y* is an A M -space with a strong unit, say e, then f, Ile, 0. It follows from [ 15, Thm.62.4]

that f,, e-converges to zero in Y*. Thus, there is a sequence &, | 0 in R such that for all k € N
there is n;y € N satisfying f, < ere for all n > ny. In particular, f,(Tx) < ere(Tx) for all
x € X4 and for all n > ny. From which it follows that f,, o T e-converges to zero in X~ and so
fooT > 0in X™. Hence, T(fw) % 0in X~ and T~ is sequentially p-continuous. [

3. p-compact operators

Given normed spaces X and Y. Recall that T € L(X,Y) is said to be compact if T(By) is
relatively compact in Y. Equivalently, T is compact iff for any norm bounded sequence x, in X
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there is a subsequence x,, such that the sequence T 'x,, is convergent in Y. Motivated by this, we
introduce the following notions.

Definition 2. Let X, Y betwo LNSsand T € L(X, Y). Then

(1) T is called p-compact if, for any p-bounded net x, in X, there is a subnet x,, such that

Txq, LN yinY forsome y € Y.
(2) T is called sequentially p-compact if, for any p-bounded sequence x, in X, there is a
subsequence x,,, such that T'x,, LN yinY forsomey € Y.

Question 1. Is it true that every p-compact operator is sequentially p-compact?

Definition 3. Let X, Y be two LNSsand 7' € L(X, Y). Then

(1) T is called rp-compact, if for any p-bounded net x, in X, there is a subnet Xag such that

Txqp X yinY forsomey € Y.
(2) T is called sequentially rp-compact, if for any p-bounded sequence x, in X, there is a
.
subsequence x,,, such that Tx, — yinY forsomey €Y.

Remark 4.

(i) Every (sequentially) rp-compact is (sequentially) p-compact.

(i) The converse of (i) in the sequential case need not to be true. Consider the identity
operator 1 on (£, ||, £oo). It can be easily seen that I is sequentially p-compact but is
not sequentially r p-compact.

(iii) We do not know whether or not every r p-compact operator is sequentially » p-compact and
whether or not the vice versa is true.

In the following example we show that p-compact operators generalize many well-known
classes of operators.

Example 3.

(i) Let (X, | - |lx)and (Y, | - |ly) be normed spaces. Then T : (X, || - [|x,R) = (¥, || - ly, R)
is (sequentially) p-compactiff 7 : X — Y is compact.

(i1) Let X be a vector lattice and Y be a normed space. An operator T € L(X,Y) is said to
be AM-compact if T[—x, x] is relatively compact for every x € X, (cf. [17, Def.3.7.1]).
Therefore, T € L(X,Y) is AM-compact operator iff T : (X, ||, X) — (¥, ]| - |ly,R) is
p-compact.

(iii) Let X be a normed space and Y be a normed lattice. An operator T € L(X, Y) is said to be
absolutely weakly compact if T'(By) is relatively absolutely weakly compact.

Let X be a normed space and (Y, || - ||y) be a normed lattice. Let E := RY * and consider
the LNVL (Y, p, E), where p(y)[f] = |f|(Jy]) forall f € Y*. Then T € L(X,Y) is
absolutely weakly compact iff T : (X, || - ||x, R) — (¥, p, E) is p-compact.

(iv) Let X be a vector lattice and Y be a normed lattice. An operator 7 € L(X, Y) is said to be
order absolutely weakly compact if T[—x, x] is relatively absolutely weakly compact for
every x € X,.

Let X be a vector lattice and (Y, || - ||y) be a normed lattice. Let E := RY" and consider
the LNVL (Y, p, E), where p(y)[f]1 = | fI(ly]) forall f € Y*. Then T € L(X,Y) is order
absolutely weakly compact iff T : (X, ||, X) — (¥, p, E) is p-compact.
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Remark 5. It is known that any compact operator is norm continuous, but in general we may
have a p-compact operator which is not p-continuous. Indeed, consider the following example
taken from [16]. Denote by B the Boolean algebra of the Borel subsets of [0, 1] equals up to
measure null sets. Let I/ be any ultrafilter on B. Then it can be shown that the linear operator
ou - Loo[0, 1] — R defined by

1
= lim —— d
ou(f) lim A /A fdu
is AM-compact which is not order-to-norm continuous; see [16, Ex.4.2]. That is, the operator
ou - (Leol0, 11, ||, Loo[0, 1]) = (R, ||, R) is p-compact, which is not p-continuous.

Example 4 (A sequentially p-Compact Operator Need not be p-Bounded). Let us consider again
Lozanovsky’s example (cf. 2, Exer.lO,p.289]). IfT : Ly[0, 1] — cp is defined by

1 1
T(f)= </ fx)sinx dx,/ f(x)sin2x dx, .. >
0 0

Then it can be shown that T is not order bounded. So T is not p-bounded as an operator from
the LNS (L4[0, 11, |-|, L [0, 1]) into the LNS (co, ||, co).

On the other hand, let f, be a p-bounded sequence in (Ll[O, 11, |1, L+110, 1]) then f,, is order
bounded in L[0, 1]. By a standard diagonal argument there are a subsequence f,, and a sequence
a = (@ )ren € co such that Tf,, > a in ¢o. Therefore, T : (L1[0, 11, -], L1[0, 11) = (co, ||, co)
is sequentially p-compact.

Since any compact operator is norm bounded, the following question arises naturally.

Question 2. Is it true that every p-compact operator is p-bounded?

Regarding (sequentially) rp-compact operators, we have the following.

Question 3.

(1) Is it true that every r p-compact operator is p-bounded or equivalently r p-continuous?
(2) Is it true that every sequentially r p-compact operator is p-bounded?

Let (X, E) be a decomposable LNS and (Y, F) be an LNS such that F is order complete
then, by [13, 4.1.2,p.142], each dominated operator 7 : X — Y has the exact dominant |7T'].
Therefore, the triple (M(X, Y), p, L”(E, F)) is an LNS, where p : M(X,Y) — LI (E, F)is
defined by p(T) = |T| (see, for example [13, 4.2.1,p.150]). Thus, if T, is a net in M (X, Y) then
T, 2 Tin M(X,Y), whenever |T, — T| > 0in L™(E, F).

Theorem 5. Let (X, p, E) be a decomposable LNS and (Y, q, F) be a sequentially p-complete
LNS such that F is order complete. If T,, is a sequence in M(X, Y) and each T,, is sequentially

p-compact with T, S Tinm (X, Y) then T is sequentially p-compact.

Proof. Let x, be a p-bounded sequence in X then there is e € E such that p(x,) < e for all
n € N. By a standard diagonal argument, there exists a subsequence x,, such that for any m € N,

T Xy, LY Y for some y,, € Y.
We show that y,, is a p-Cauchy sequence in Y.
q(_Ym - yj) = q(ym - T;n-xnk + menk - zjnk + zjnk - )’J)
< q(ym — menk) + (’I(menk - zjnk) + Q(zjnk - yj)-



A. Aydin et al. / Indagationes Mathematicae 29 (2018) 633—-656 643

The first and the third terms in the last inequality both order converge to zero as m — oo and
Jj — oo, respectively. Since T, € M(X, Y) for all m € N then

Q(Tm-xnk - zjnk) = |Tm - le(p(xnk)) = |Tm - le(e)

Since T, 2 Tin M(X,Y) then, by [19, Thm.VIIIL.2.3], it follows that |T,, — T}|(e) > 0inF,
asm, j — oo. Thus, g(y, —y;) > 0in F as m, j — oo. Therefore, y,, is p-Cauchy. Since Y is
sequentially p-complete then there is y € Y such that g(y,, — y) > 0in F as m — oo. Hence,

q(Txp, —y) < q(Txp, — Tuxp) + q(TnXn, — Ym) +qQOm — )
= |Tm - Tl(p(xnk))+q(menk _ym)+q(ym —)’)
=< ITm - TI(E) + q(menk - ym) + Q(ym - )’)

Fix m € N and let k — oo then

limsup g(Txy, — y) < T — Tl(e) + q(ym — ¥)
k— 00
But m e N is arbitrary, so limsup,_, . ¢(Tx,, — y) = 0. Hence, g(Tx,, — y) > 0. Therefore,
T is sequentially p-compact. [

Proposition 6. Let (X, p, E) be an LNS and R, T, S € L(X).

(1) If T is (sequentially) p-compact and S is (sequentially) p-continuous then S o T is
(sequentially) p-compact.

(i) If T is (sequentially) p-compact and R is p-bounded then T o R is (sequentially)
p-compact.

Proof. (i) Assume x, to be a p-bounded net in X. Since T is p-compact, there are a subnet
Xy and x € X such that p(Tx,, — x) > 0. It follows from the p-continuity of S that
P(S(Txqy) — Sx) > 0. Therefore, S o T is p-compact.

(i1) Assume x, to be a p-bounded net in X. Since R is p-bounded then Rx, is p-bounded.
Now, the p-compactness of T implies that there are a subnet x,, and z € X such that
p(T(Rxaﬁ) - z) > 0. Therefore, T o R is p-compact.

The sequential case is analogous. [

Proposition 7. Let (X, p, E) be an LNS, where (E, | - || g) is a normed lattice and (Y, m, F) be
an LNS, where (F, || - ||r) is a Banach lattice. If T : (X, p-|| - |g) = (Y, m-|| - ||r) is compact
thenT : (X, p, E) - (Y, m, F) is sequentially p-compact.

Proof. Let x, be a p-bounded sequence in (X, p, E). Then there is e € E such that p(x,) < e
foralln € N. So [|[p(x,)llg < llellg < oo. Hence, x,, is norm bounded in (X, p-| - ||g). Since
T is compact then there are a subsequence x,, and y € Y such that m-||Tx,, — yllr — O or
lm(T x,, — y)lr — 0. Since (F, || - ||r) is a Banach lattice then, by [19, Thm.VIL.2.1] there is a
further subsequence x,,ki such that m(Tx,,kj —-y) 2 0. Therefore, T : (X, p, E) —> (Y, m, F)is

sequentially p-compact. [

Proposition 8. Ler (X, p, E) be an LNS, where (E, | - ||g) is an AM-space with a strong
unit. Let (Y, m, F) be an LNS, where (F,| - ||F) is an order continuous normed lattice. If
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T:(X,p,E)— (Y,m, F)is sequentially p-compact then T : (X, p-|| - llg) = (Y, m-| - ||F) is
compact.

Proof. Let x,, be a normed bounded sequence in (X, p-|| - | g). Thatis: p-||lx, ||z = Ip(x ) <
k < oo for all n € N. Since (E, || - ||g) is an AM-space with a strong unit then p(x,) is
order bounded in E. Thus, x, is a p-bounded sequence in (X, p, E). Since T is sequentially
p-compact, there are a subsequence x,, and y € Y such that m(Tx,, — y) > 0in F. Since
(F, |l - llr) is order continuous then [|m(Tx,, — ¥)I[r — 0 or m-||Tx,, — yllr — 0. Thus, the
operator T : (X, p-|| - lg) = (Y, m-| - ||F) is compact. [

The following result could be known but since we do not have a reference for it we include a
proof for the sake of completeness.

Lemma 4. Let X be an atomic vector lattice. Then a net x, is uo-null iff it is pointwise null, (
that is, |x4| N a > 0 for all atoms in X).

Proof. The forward implication is trivial.

For the converse, let x, be a pointwise null net in X. Without loss of generality, we may assume
that x, > 0. Take u € X . Then we need to show that x, A u 2 0. Consider the following
directed set A = Py, (£2) x N, where {2 is a maximal disjoint collection of atoms in X. For
81 = (Fi,n1)and 8, = (F>,ny)in A, 8; < 8 iff F; € Fr andn; < ny.Foreachd = (F,n) € A,
put ys = % Y wer Pau+3 o\r Patt, where P, denotes the band projection onto span{a}. The
infinite sum that is involved in the definition of ys is the order limit of its finite subsums and in
this case it is also equivalent to the sup, o\  Pou . It is easy to see that y; | 0 and for any § € A

there is an o5 such that for any o > o5 we have that 0 < x, Au < y;. Therefore, x, Au 50 O

Remark 6. If X is an atomic K B-space then every order bounded net has an order convergent
subnet. Indeed, let x, be an order bounded net in X. Then clearly x, is norm bounded and so,
by [12, Thm.7.5] there is a subnet Xag such that Xy 2 x for some x € X. But, in atomic
order continuous Banach lattices un-convergence coincides with pointwise convergence (see
[12, Cor. 4.14]). Therefore, by Lemma 4 Xay = x. Thus Xag > X, since x, is order bounded.

Proposition 9. Let X be a vector lattice and (Y, m, F) be an op-continuous LNVL such that Y
is atomic K B-space. If T € L™ (X,Y)then T : (X, ||, X) > (Y, m, F) is p-compact.

Proof. Let x, be a p-bounded net in (X, |-|, X) then x, is order bounded in X. Since T is
order bounded then T x,, is order bounded in Y, which is an atomic K B-space. So, by Remark 6,
there are a subnet xo, and y € Y such that T'x,, > y. Since (Y, m, F) is op-continuous then

m(Txq; —y) > 0. Thus, T is p-compact. [

Proposition 10. Let (X, p, E) and (Y, ||, Y) be two LNVLs such that Y is an atomic K B-space.
If T:(X,p,E)— (Y,],Y)is p-bounded then T is p-compact.

Proof. Let x, be a p-bounded net in X. Since T is p-bounded then T x, is order bounded in Y.
Since Y is an atomic K B-space then, by Remark 6, there is a subnet Xy such that Txu,ﬁ 2 y for
some y € Y. Therefore, T is p-compact. [
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Remark 7.

(i) We cannot omit the atomicity in Propositions 9 and 10; consider the identity operator / on
(L1[0, 11, |-], L1[0, 1]) then the sequence of Rademacher functions is order bounded and
has no order convergent subsequence, so I is not p-compact.

(i1) The identity operator I on (¢y, |-|, £1) satisfies the conditions of Proposition 9, so I is
p-compact. This shows that the identity operator on an infinite dimensional space can be
p-compact.

(iii) We do not know whether or not the identity operator / on the LNS (L [0, 1], |-|, Loo[0, 1])
could be p-compact or sequentially p-compact.

Proposition 11. Let (X, p, E) and (Y, m, F) be LNSs. Let T : (X, p, E) —> (Y,m, F) be a
p-bounded finite rank operator. Then T is p-compact.

Proof. Without lost of generality, we may suppose that T is given by Tx = f(x)y, for some
p-bounded functional f : (X, p, E) - (R, |-|,R) and yy € Y.

Let x, be a p-bounded net in X then f(x,) is bounded in R, so there is a subnet x, 5 such that
f(xay) — A forsome A € R. Now, m(Txq, —Ayo) = m((fxaﬁ—k)yo) = | f(xap)—Alm(y0) %0
in F. Thus, T is p-compact. [

Example 5 (The p-Boundedness of T in Proposition 11 cannot be Removed). Let (X, p, E) be
an LNS and f : (X, p, E) — (R, ||, R) be a linear functional which is not p-bounded. Then
there is a p-bounded sequence x, such that | f(x,)| > n for all n € N. Therefore, any rank one
operator T : (X, p, E) — (Y, m, F) given by the rule Tx = f(x)yy, where 0 # yo € Y, is not
p-compact.

Recall that:

(1) A subset A of a normed lattice (X, || - ||) is called almost order bounded if, for any ¢ > 0,
there is u, € X such that

(] = ue) ™l = Xl —ue A lxll < & (Yx € A).

(2) Given an LNVL (X, p, E). A subset A of X is said to be p-almost order bounded if, for
any w € E,, there is x,, € X such that

p((x] = x)*) = px| —xp Alx) <w  (Vx € A),

see [4, Def.7]. If (X, || - ||) is a normed lattice then a subset A of X is p-almost order
bounded in (X, || - ||, R) iff A is almost order bounded in X. On the other hand, if X is a
vector lattice, a subset in (X, |-|, X) is p-almost order bounded iff it is order bounded in
X.

(3) Anoperator T € L(X,Y), where X is a normed space and Y is a normed lattice, is called
semicompact if T(Byx) is almost order bounded in Y.

Definition 4. Let (X, E) be an LNS and (Y, F) be an LNVL. A linear operator T : X — Y is
called p-semicompact if, for any p-bounded set A in X, we have that T(A) is p-almost order
bounded in Y.
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Remark 8.

(i) Any p-semicompact operator is p-bounded operator.
(i) Let T, S € L(X), where X is an LNS. If T is p-semicompact and S is p-compact then it
follows easily from Proposition 6(ii), that S o T is p-compact.
(iii) Given T € L(X,Y); where X is a normed space and Y is a normed lattice. Then T is
semicompact iff 7 : (X, || - |lx, R) — (¥, || - |ly, R) is p-semicompact.
(iv) For vector lattices X and Y, we have T € L™ (X,Y)iff T : (X, ||, X) = (Y,]|-],Y) is
p-semicompact.

Proposition 12. Let (X, p, E) be an LNS with an AM-space (E, || - || g) possessing a strong unit
and (Y, m, F) be an LNVL with a normed lattice (F, || - |p). If T : (X, p, E) - (Y,m, F) is
p-semicompact then T : (X, p-|| - |lg) = (Y, m-| - ||r) is semicompact.

Proof. Consider the closed unit ball By of (X, p-|| - llg). Then p-|lx|lg < 1or [p(x)|lg <1

for all x € Bx. We show that T (By) is almost order bounded in (Y, m-|| - || r). Given ¢ > 0. Let
w € Fy such that

lwllr =e. (3.1)

Since || p(x)||g < 1 forall x € Bx and (E, | - ||g) is an AM-space with a strong unit, there exists
e € E, such that p(x) < e for all x € By. Thus, By is p-bounded in (X, p, E) and, since T
is p-semicompact, we get that 7'(By) is p-almost order bounded in (Y, m, F'). So, for w € F;
in (3.1), there is y,, € Y, such that m((|Tx| — yw)+) < w for all x € By, which implies that
||m((|Tx| — yw)+)||p < |lw||r for all x € By. Hence, m-||(|Tx| — y,)"||r < ¢ for all x € By.
Therefore, T is semicompact. [

Proposition 13. Let (X, p, E) and (Y, m, F) be two LNVLs. Suppose a positive linear operator
T : X — Y to be p-semicompact. If 0 < § < T then S is p-semicompact.

Proof. Let A be a p-bounded setin X. Put |A| := {|a| : a € A}. Clearly |A| is p-bounded. Since
T is p-semicompact then 7'(JA|) is p-almost order bounded. Given w € F, there is y,, € Y,
such that

m((Tlal —y,)") <w  (a € A).
Thus, for any a € A,

Sla| < Tla| = (Slal = yu)" < (Tlal = yu)" = m((Slal = y,)*) < w.
Since (|Sa| — y,)" < (S]al — yu)*, we have

m((I1Sal — yo)*) = m((Slal = y»)") sw  (Ya € A).
Therefore, S(A) is p-almost order bounded, and S is p-semicompact. [

A linear operator T from an LNS (X, E) to a Banach space (Y, || - ||y) is called generalized
AM -compact or GAM -compact if, for any p-bounded set A in X, T'(A) is relatively compact in
Y, |l - lly); see [18, p. 1281]. Clearly, T : (X, p, E) — (Y, | - Iy, R) is GAM-compact iff it is
(sequentially) p-compact.



A. Aydin et al. / Indagationes Mathematicae 29 (2018) 633—-656 647

Proposition 14. Let (X, p, E) be an LNS and (Y, m, F) be an op-continuous LNVL with a
Banach lattice (Y, |- ly). If T : (X, p, E) = (Y, || lly) is GAM-compact then T : (X, p, E) —
(Y, m, F) is sequentially p-compact.

Proof. Let x, be a p-bounded sequence in X. Since T is GAM-compact then there are a
subsequence x,, and some y € Y such that || Tx,, — y[ly — 0. As (Y, || - ly) is Banach lattice

then, by [19, Thm.VIL.2.1], there is a subsequence xnkj such that Txnkj 2 y in Y. Then, by
op-continuity of (Y, m, F), we get Tx,, . L yin Y. Hence, T is sequentially p-compact. [J
J

In particular, if (X, p, E) is an LNS, (Y, || - |ly) is a Banach lattice and T : (X, p, E) —
(Y, || - ly) is GAM-compact operator then, since (Y, |-|, Y) is always op-continuous LNVL, we
getthat 7 : (X, p, E) — (Y, ||, Y) is sequentially p-compact.

It is known that any compact operator is semicompact. So, the following question arises
naturally.

Question 4. Is it true that every p-compact operator is p-semicompact?

It should be noticed that, if Question 2 has a negative answer then Question 4 has a negative
answer as well, since every p-semicompact operator is p-bounded, and if Question 2 has a
positive answer then every p-compact operator T : (X, ||, X) — (¥, |-], Y) is p-semicompact,
where X and Y are vector lattices.

The converse of Question 4 is known to be false. For instance, the identity operator / on
(loos || - lloo) 1s semicompact which is not compact.

4. p-M-weakly and p-L-weakly compact operators

Given an LNVL (X, p, E). Two vectors x, y € X are called disjoint if |x| A |y| = 0 and they
are called p-disjoint if p(x) A p(y) = 0. Recall that an operator T € B(X, Y) from a normed
lattice X into a normed space Y is called M-weakly compact, whenever lim || T x,, || = 0 holds for
every norm bounded disjoint sequence x, in X, and T € B(X, Y) from a normed space X into
a normed lattice Y is called L-weakly compact, whenever lim ||y, || = 0 holds for every disjoint
sequence y, in sol(T (By)) (see for example, [17, Def.3.6.9]). Similarly we have:

Definition 5. Let T : (X, p, E) — (Y, m, F) be a p-bounded and sequentially p-continuous
operator between LNSs.

(1) If X isan LNVL and m(T x,,) > 0 for every disjoint and p-bounded sequence x, in X then
T is said to be p-M-weakly compact.

(2) If Y is an LNVL and m(y,) > 0 for every disjoint sequence y, in sol(T(A)), where A is a
p-bounded subset of X, then T is said to be p-L-weakly compact.

Remark 9.

(1) Let(X, | - |lx) be a normed lattice and (Y, || - ||y) be a normed space. Assume T € B(X, Y)
then T : (X, ||-|x, R) = (¥, ||-ly, R) is p-M-weakly compactiff T : X — Y is M-weakly
compact.

(2) Let (X, || - |lx) be a normed space and (Y, || - ||y) be a normed lattice. Assume T € B(X, Y)
thenT : (X, |- llx,R) — (¥, |- |ly, R) is p-L-weakly compactiff T : X — Y is L-weakly
compact.
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In the sequel, the following fact will be used frequently.

Remark 10. If x, is a disjoint sequence in a vector lattice X then x, =20 (see [11, Cor.3.6)).
If, in addition, x,, is order bounded in X then clearly x, 0.

It is shown below that, in some cases, the collection of p-M and p-L-weakly compact
operators can be very large.

Proposition 15. Assume X to be a vector lattice and (Y, || - |ly) a normed space. If T
X, I, X) = (X, || - lly, R) is p-bounded and sequentially p-continuous then T is p-M-weakly
compact.

Proof. Let x, be a p-bounded disjoint sequence in (X, ||, X). Then x, is order bounded in X
and, by Remark 10, we get x, 2 0. That is, x, 2 0in (X, |-], X). Since T is sequentially
-y

p-continuous then Tx, —> 0. Therefore, T : (X, ||, X) — (¥, | - |ly,R) is p-M-weakly
compact. [J

Corollary 1. Let (X, | - |lx) be a normed lattice and Y be a vector lattice. Let Y denote
the o-order continuous dual of Y. If 0 < T : (X, | - llx,R) — (Y, |:|,Y) is sequentially
p-continuous and p-bounded then the operator T~ : (Y, ||, Y) — (X*, || - llx+, R) defined
by T~(f):= f oT is p-M-weakly compact.

Proof. Theorem 3 implies that 7™ is p-continuous, and so it is p-bounded by Proposition 4.
Thus, we get from Proposition 15, that 7™ is p-M-weakly compact. [J

Proposition 16. Assume (X, || - ||x) fo be a normed lattice and Y a vector lattice. If T :
X, - Ix,R) = (Y, |-, Y) is p-bounded and sequentially p-continuous operator then T is
p-L-weakly compact.

Proof. Let A be a p-bounded setin (X, || - | x, R). Since T is a p-bounded operator then 7'(A) is
p-bounded in (Y, ||, Y), i.e. T(A) is order bounded and hence sol(T (A)) is order bounded. Let
v, be a disjoint sequence in sol(T (A)). Then, by Remark 10, we have y, > 0in Y, ie. y, 20
in (Y, ||, Y). Thus, T is p-L-weakly compact. [

Corollary 2. Let X be a vector lattice and Y be an AL-space. Assume 0 < T : (X, ||, X) —
X, Il - lly, R) to be sequentially p-continuous. Define T~ : (Y*, | - |ly*, R) = (X, ||, X™) by
T (f)= foT.ThenT" is p-L-weakly compact.

Proof. Theorem 4 implies that 7~ is sequentially p-continuous and p-bounded, and so we get,
by Proposition 16, that T~ is p-L-weakly compact. [J

It is known that any order continuous operator is order bounded, but this fails for
o -order continuous operators; see [2, Exer.10,p.289]. Therefore, we need the order boundedness
condition in the following proposition.

Proposition 17. If T : X — Y is an order bounded o -order continuous operator between
vector lattices then T : (X, ||, X) — (Y, ||, Y) is both p-M-weakly and p-L-weakly compact.
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Proof. Clearly, T : (X, ||, X) — (¥, ||, Y) is both sequentially p-continuous and p-bounded.

First, we show that T is p-M-weakly compact. Let x,, be a p-bounded disjoint sequence of X.
Then, by Remark 10, we get x,, 2 0in X and so T x, % 0inY. Therefore, T is p-M-weakly
compact.

Next, we show that T is p-L-weakly compact. Let A be a p-bounded set in (X, |-|, X) then
A is order bounded in X. Thus, T(A) is order bounded and so sol(T(A)) is order bounded in
Y. If y, is a disjoint sequence in sol(T (A)) then again, by Remark 10, y, > 0or Vn 2 0in
(Y, |1, Y). Therefore, T is p-L-weakly compact. [

Next, we show that p-M-weakly and p-L-weakly compact operators satisfy the domination
property.

Proposition 18. Let (X, p, E) and (Y, m, F) be LNVLs and let S, T : X — Y be two linear
operators such that 0 < § < T.

1) If T is p-M-weakly compact then S is p-M-weakly compact.
(i) If T is p-L-weakly compact then S is p-L-weakly compact.

Proof. (i) Since T is sequentially p-continuous and p-bounded then it is easily seen that S is
sequentially p-continuous and p-bounded. Let x,, be a p-bounded disjoint sequence in X. Then
|x,| is also p-bounded and disjoint. Since T is p-M-weakly compact then m(T |x,]|) > 0in
F.Now, 0 < S|x,| < T|x,| for all n € N and since the lattice norm is monotone then we get
m(S|x,]) — 0in F. Now, |Sx,| < S|x,| forall n € N and so m(Sx,) = m(|Sx,|) < m(S|x,|) —
Oin F. Thus, S is p-M-weakly compact.

(ii) It is easy to see that S is sequentially p-continuous and p-bounded. Let A be a p-bounded
subset of X. Put |A| = {|a| : a € A}. Clearly, sol(S(A)) C sol(S(JA])) and since 0 < § < T,
we have sol(S(|A|)) € sol(T(]A])). Let y, be a disjoint sequence in sol(S(A)) then y, is in
sol(T(|A|)) and, since T is p-L-weakly compact then m(S|x,|) > 0 in F. Therefore, S is
p-L-weakly compact. [

The following result is a variant of [2, Thm.4.36].

Theorem 6. Let (X, p, E) be a sequentially p-complete LNVL such that (E, ||-||g) is a Banach
lattice, and let (Y, m, F) be an LNS. Assume T : (X, p, E) — (Y,m, F) to be sequentially
p-continuous, and let A be a p-bounded solid subset of X.

If m(Tx,) > 0 holds for each disjoint sequence x, in A then, for each atom a in F and each
g > 0, there exists 0 < u € 14 satisfying

Ja(m(T (x| —u)")) < ¢
forall x € A, where 14 denotes the ideal generated by A in X.

Proof. Suppose the claim is false. Then there is an atom @y € F and ¢y > 0 such that, for each
u > 0in I4, we have f, (m(T(|x| — u)*)) > go for some x € A. In particular, there exists a
sequence x,, in A such that

fao(m(T (x| =47 Y IxiDh) = &0 (¥n € N). (4.1)

i=1
Now, puty = > °2  27"|x,|. Lemma | implies that y € X. Alsolet w, = (|x,1]|—4" >_/_ |x;D*
and v, = (|xp41] — 4" 2?21 |x;| —27"y)*. By [2, Lm.4.35], the sequence v, is disjoint. Also
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since A is solid and 0 < v, < |x,+1| holds, we see that v, in A and so, by the hypothesis,
m(T x,) %0.

On the other hand, 0 < w, —v, < 27"y and so p(w, —v,) < 27" p(y). Thus, p(w, —v,) %0
in F. Since T is sequentially p-continuous then m(T(w,, — vn)) > 0in F. Now, m(Tw,) <
m(T (w,, — v,)) + m(Tv,) implies that m(T w,) 2 0in F.In particular, f,, (m(Twn)) — O as
n — oo, which contradicts (4.1). O

In [2, Thm.5.60], the approximation properties were provided for M-weakly and L-weakly
compact operators. The following two propositions are similar to [2, Thm.5.60] in the case of
p-M-weakly and p-L-weakly compact operators.

Proposition 19. Let (X, p, E) be a sequentially p-complete LNVL with a Banach lattice
(E, I'llg) (Y,m, F) be an LNS, T : (X, p, E) = (Y, m, F) be p-M-weakly compact, and A
be a p-bounded solid subset of X. Then, for each atom a in F and each ¢ > 0, there exists some
u € X, such that

Ja(m(T (x| —u)")) < ¢
holds for all x € A.

Proof. Let A be a p-bounded solid subset of X. Since T is p-M-weakly compact then
m(Tx,) > 0 for every disjoint sequence in A. By Theorem 6, for any atom a € F and any
& > 0, there exists u € X such that f, (m(T(|x| — u)+)) <eforallx e A. O

Proposition 20. Let (X, p, E) be an LNS and (Y, m, F) be a sequentially p-complete LNVL
with a Banach lattice F. Assume T : (X, p, E) — (Y, m, F) to be p-L-weakly compact and A
to be p-bounded in X. Then, for each atom a in F and each ¢ > 0, there exists some u € Y in
the ideal generated by T (X) satisfying

Ffalm(Tx| = u)*) <&
forall x € A.

Proof. Let A be a p-bounded subset of X. Since T is p-L-weakly compact, m(y,) > 0 for any
disjoint sequence y, in sol(T (A)). Consider the identity operator I on (Y, m, F). By Theorem 6,
for any atom a € F and each ¢ > 0, there exists u € Y, in the ideal generated by sol(T(A))
(and so in the ideal generated by 7' (X)) such that

fa(m(yl —w*) <&
for all y € sol(T(A)). In particular,
fa(m(Tx] —w)*) < e
forallx e A. O

The next two results provide relations between p-M-weakly and p-L-weakly compact
operators, which are known for M-weakly and L-weakly compact operators; e.g. [2, Thm.5.67
and Exer.4(a),p:337]

Theorem 7. Let (X, p, E) be a sequentially p-complete LNVL with a norming Banach lattice
(E, |l - llg), (Y,m, F) be an op-continuous LNVL with an atomic norming lattice F and
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TelL"X,V).If T :(X,p,E) = (Y,m, F)is p-M-weakly compact then T is p-L-weakly
compact.

Proof. Let A be a p-bounded subset of X and let y, be a disjoint sequence in sol(T(A)). Then
there is a sequence x, in A such that |y,| < |Tx,| foralln € N. Let a € F be an atom. Given
& > 0 then, by Proposition 19, there is u € X such that

Ja(m(T (x| —u)")) < ¢
holds for all x € sol(A). In particular, for all n € N, we have
fa(m(T(xf —w™) <e and  fo(m(T(x, —u)")) <e.
Thus, foreachn € N,
Iul < 1Txal < |Tx,5|+1Tx,|
= |T(x;' —uw)t + T(x;L AW+ T (x, — W+ T(x, Au)l
< AT =) |+ T Al +1T(x, — )|+ 1T (x, Aw
< T —w |+ 1Ty — )|+ T Auw)+ (T |(x, Aw)
< |T(x;' —u)" |+ |T(x, — Wt +2|Tu.
By Riesz decomposition property, for all n € N, there exist u,, v, > 0 such that y, = u, + v,
and 0 < u, <|T(x[ —w)T|+|T(x,; —u)t|,0 < v, <2|T|u. Since y, is disjoint sequence and
vy < |y,| for all n € N then the sequence v, is disjoint. Moreover, it is order bounded. Hence,
Un —> 0. Since (Y, m, F) is op-continuous then m(v,) > 0.In particular, f, (m(vn)) — 0 as
n — o00. So, for given ¢ > 0, there is ny € N such that f,(m(v,)) < ¢ for all n > ng. Thus, for
any n > ngp, we have
fa(m())n)) = fa(m(un)) + fa(m(vn))
< fu(m(Txf —w)D) + fa(m(T(x, —w)h)) +e < 3e.
Hence, f, (m(y,,)) — 0 asn — oo. Since T is p-bounded then m(y,) is order bounded. The
atomicity of F implies m(y,) > 0in F. Therefore, T is p-L-weakly compact. [J

Proposition 21. Let (X, p, E) and (Y, m, F) be LNVLs. If T : (X, p,E) - (Y,m,F)isa
p-L-weakly compact lattice homomorphism then T is p-M-weakly compact.

Proof. Let x, be a p-bounded disjoint sequence in X. Since T is lattice homomorphism then
we have that Tx, is disjoint in Y. Clearly Tx, € sol({Txn n € N}). Since T is a p-L-
weakly compact lattice homomorphism then m(T(xn )) > 0in F. Therefore, T is p-M -weakly
compact. [J

We end up this section by an investigation of the relation between p-M-weakly (respectively,
p-L-weakly) compact operators and M-weakly (respectively, L-weakly) compact operators
acting in mixed-normed spaces.

Proposition 22. Given an LNVL (X, p, E) with (E, || - | ), which is an AM-space with a strong
unit. Let an LNS (Y, m, F) be such that (F, || - ||F) is a o-order continuous normed lattice. If
T :(X,p,E)— (Y,m, F)is p-M-weakly compact then T : (X, p-|| - |g) = (Y,m-|| - ||F) is
M -weakly compact.
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Proof. By Proposition 3, it follows that T : (X, p-|| - |lg) = (Y, m-| - || ) is norm continuous.
Let x, be a norm bounded disjoint sequence in (X, p-|| - ||g). Then p-||x,|lg < M < oo or
lp(x)lle < M < oo foralln € N. Since (E, || - ||g) is an AM-space with a strong unit then

there is e € E such that p(x,) < e for all n € N. Thus, x, is a p-bounded disjoint sequence in
(X, p,E).Since T : (X, p, E) = (Y,m, F)is p-M-weakly compact then m(T x,,) 2 0in F. It
follows from the o -order continuity of (F, || - || r), that ||m(Tx,)||r — Oor lim m-||Tx,||r = 0.
Therefore, T : (X, p-|| - l|lg) = (Y, m-|| - ||r) is M-weakly compact. [] i

Proposition 23. Suppose (X, p, E) to be an LNVL with a o -order continuous normed lattice
(E, |- llg) and (Y, m, F) to be an LNS with an atomic normed lattice (F, || - || r). Assume further
that:

G T:(X,p, E)— (Y,m, F)is p-bounded;
) T : (X, p-ll - llg) = (Y,m-|| - |F) is M-weakly compact.

ThenT : (X, p, E) — (Y, m, F) is p-M-weakly compact.

Proof. The assumptions, together with Theorem 1, imply that T : (X, p, E) — (Y, m, F) is
sequentially p-continuous.

Assume x, to be a p-bounded disjoint sequence in (X, p, E). Then x, is disjoint and norm
bounded in (E, p-|| - ||g). Since T : (X, p-|| - |lg) = (Y, m-| - ||F) is M-weakly compact then
hm m-||Tx,||r = 0 or l1m lm(Tx,)|lr = 0. Since x, is p-bounded and T : (X, p, E) —

(Y m, F) is p-bounded then m(T x,,) is order bounded in F. Let a € F be an atom then
| fa(m(Tx))| < I falllm(T )|l — 0 as n — oo.

Since F is atomic then m(T x,,) >0. Therefore, T : (X, p, E) — (Y, m, F) is p-M-weakly
compact. [

Proposition 24. Assume (X, p, E) to be an LNS with an AM-space (E, || - ||g) possessing a
strong unit, and (Y, m, F) to be an LNVL with a o -order continuous normed lattice (F, || - || ).
If T:(X,p, E)— (Y,m, F)is p-L-weakly compact then T : (X, p-|| - llg) = (Y, m-| - ||F) is
L-weakly compact.

Proof. Proposition 3 implies that T : (X, p-|| - |lg) — (¥, m-|| - ||F) is norm continuous.
Let By be the closed unit ball of (X, p-|| - ||g). Then p-||x||g < 1 or ||p(x)|lg < 1 for all
x € By. Since (E, || - ||g) is an AM-space with a strong unit then there is an element e € E

such that p(x) < e for each x € Byx. So By is p-bounded. Let y, be a disjoint sequence in
sol(T(Bx)). Since T : (X, p, E) — (Y, m, F) is p-L-weakly compact then m(y,) > 0in F.
Since (F, || - || ) is o-order continuous normed lattice then ||m(y,)||r — Oor lim m-|y,||r = O.
SoT : (X, p-ll - lg) = (Y,m-| - ||r) is L-weakly compact. [] S

Proposition 25. Let (X, p, E) be an LNS with a o-order continuous normed lattice, (Y, m, F)
be an LNVL with an atomic normed lattice (F, || - || r). Assume that:

G T:(X,p, E)— (Y,m, F)is p-bounded, and
) T : (X, p-ll - lg) = (Y, m-| - |F) is L-weakly compact.

ThenT : (X, p, E) — (Y,m, F) is p-L-weakly compact.
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Proof. Theorem 1 implies that T : (X, p, E) — (Y, m, F) is sequentially p-continuous. Let
A be a p-bounded set. Then there is ¢ € E, such that p(a) < e for all a € A. Hence,
Ilp@lle < |lellg foralla € A or p-|lla|lg < |le||g for each a € A. Thus, A is norm bounded in
(X, p-1l- Il g)- Let y, be a disjoint sequence in sol(T(A)). Since T : (X, p-||-|g) = (Y, m-|-||F)
is L-weakly compact then hm m-||y,llF =0 or 11m lm(y)llFr = 0.

Since T : (X, p, E) — (Y m F)is p- bounded and A is p-bounded then T (A) is p-bounded
in Y and so sol(T(A)) is p-bounded in Y. Hence, y, is a p-bounded sequence in (Y, m, F);
i.e. m(y,) is order bounded in F. Let a € F be an atom and consider its biorthogonal functional
fa- Then

| fa(mOw)| < [ falllm(y)llF — 0 asn — oo.

So, for any atom a € F, lim f, (m(y,,)) = 0 and, since m(y,) is order bounded in an atomic
n—oo

vector lattice F, m(y,) > 0in F. Thus, T is p-L-weakly compact. [

5. up-continuous and up-compact operators

Using the up-convergence in LNVLs, we introduce the following notions.

Definition 6. Let X, Y be two LNVLsand T € L(X, Y). Then:

(1) T is called up-continuous if x, 2 0in X implies 7T x, 2 0iny , if the condition holds
for sequences then T is called sequentially up-continuous ;
(2) T is called up-compact if for any p-bounded net x, in X there is a subnet x,, such that

Txay £ yinY forsomey € Y;
(3) T is called sequentially- up-compact if for any p-bounded sequence x, in X there is a
subsequence x,, such that T'x,, ad yinY forsomey € Y.

Remark 11.

(i) The notion of up-continuous operators is motivated by two recent notions, namely:
o-unbounded order continuous (o uo-continuous) mappings between vector lattices (see
[10, p. 23]), and un-continuous functionals on Banach lattices (see [12, p. 269]).

(i1) If T is (sequentially) p-continuous operator then T is (sequentially) up-continuous.

(iii) If T is (sequentially) p-compact operator then 7 is (sequentially) up-compact.

(iv) Let (X, | - |lx) be a normed space and (Y, | - |ly) be a normed lattice. An operator
T € B(X,Y) is called (sequentially ) un-compact if for every norm bounded net x,
(respectively, every norm bounded sequence x,), its image has a subnet (respectively,
subsequence), which is un-convergent; see [12, Sec.9,p.275]. Therefore, T € B(X,Y)
is (sequentially) un-compact iff T : (X, || - ||x, R) — (¥, | - |y, R) is (sequentially) up-
compact. It should be noticed that the notion of un-compact operators is accompanied with
the notion of “un-compact sets”; see [12, Sec.7 & Sec.9]. In a very recent paper “um-
compact sets” were investigated; see [7, Sec.6].

Proposition 26. Let (X, E), (Y, F) be two LNVLs and T € L(X,Y). If T is up-compact and
p-semicompact operator then T is p-compact.

Proof. Let x, be a p-bounded net in X. Then Tx, is p-almost order bounded net in Y, as T
is p-semicompact operator. Moreover, since T is up-compact then there is a subnet x,, such
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that 7'xy, X y for some y € Y. It follows by [4, Prop.9], that Tx,, LY y. Therefore, T is
p-compact. [

Similar to Proposition 6, for any S, T € L(X), where X is an LNVL the following holds:

(1) If S is p-bounded and T is up-compact then 7 o S is up-compact.
(1) If S is up-continuous and T is up-compact then S o T is up-compact.

Now we investigate composition of a sequentially up-compact operator with a dominated
lattice homomorphism.

Theorem 8. Let (X, p, E) be an LNVL, (Y, m, F) an LNVL with an order continuous Banach
lattice (F, || - ||r), and (Z, q, G) an LNVL with a Banach lattice (G, | - ll¢)- If T € L(X,Y)
is a sequentially up-compact operator and S € L(Y,Z) is a dominated surjective lattice
homomorphism then S o T is sequentially up-compact.

Proof. Let x, be a p-bounded sequence in X. Since T is sequentially up-compact then there
is a subsequence x,, such that Tx,, =2 yinY forsome y € Y. Letu € Z,. Since S is
surjective lattice homomorphism, we have some v € Y, such that Sv = u. Since Tx,, =z y

then m(|Tx,, — y| A v) % 0in F. Clearly, F is order complete and so, by [1, Prop.1.5], there
are f; | 0 and ko € N such that

m(|Txy, —ylAv) < fie (k= ko). (5.1

Note also || fxllr | Oin F, as (F, | - ||r) is an order continuous Banach lattice. Since S is
dominated then there is a positive operator R : FF — G such that

q(SUTxy = yI A 0) < R(m(I T, — ¥ A V).
Taking into account that S is a lattice homomorphism and Sv = u, we get, by (5.1), that
q(S o Txy — Syl Au) < Rfi (k= ko). (5.2)

Since R is positive then by [2, Thm.4.3] it is norm continuous. Hence, ||Rfi|l¢ | 0. Also, by
[19, Thm.VIL.2.1], there is a subsequence fkj of (fi)k=k, such that Rfkj % 0in G, and so
Rfk_,. J 0in G. So (5.2) becomes

q(So T, —SylAu) < Rfi;  (j €N).
Since u € Z, is arbitrary, S o T(xnk/) =z Sy. Therefore, S o T is sequentially up-compact. [J

Remark 12. In connection with the proof of Theorem § it should be mentioned that, if the
operator T is up-compact and S is a surjective lattice homomorphism with an order continuous
dominant then it can be easily seen that S o T is up-compact.

Recall that, for an LNVL (X, p, E), a sublattice Y of X is called up-regular if, for any net y,
in Y, the convergence y, X 0iny implies y, 2 0in X; see [4, Def.10 and Sec.3.4].

Corollary 3. Let (X, p, E) be an LNVL, (Y, m, F) an LNVL with an order continuous Banach
lattice (F, || - ||F), and (Z, q, G) an LNVL with a Banach lattice (G, || - |lg). If T € L(X,Y) isa
sequentially up-compact operator, S € L(Y, Z) is a dominated lattice homomorphism, and S(Y)
is up-regular in Z then S o T is sequentially up-compact.
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Proof. Since S is a lattice homomorphism then S(Y) is a vector sublattice of Z. So (S(Y), ¢, G)
is an LNVL. Thus, by Theorem 8, we have So T : (X, p, E) — (S(Y), g, G) is sequentially
up-compact.

Next, we show that So T : (X, p, E) — (Z, q, G) is sequentially up-compact. Let x, be a
p-bounded sequence in X. Then there is a subsequence x,, such that S o 7T (x,,) X zin S(Y)

for some z € S(Y). Since S(Y) is up-regular in Z, we have S o T'(x,,) L ;i Z Therefore,
SoT :X — Zissequentially up-compact. [

The next result is similar to [12, Prop.9.4.].

Corollary 4. Let (X, p, E) be an LNVL, (Y, m, F) an LNVL with an order continuous Banach
lattice (F, || - ||F), and (Z, q, G) an LNVL with a Banach lattice (G, || - ||lg).- If T € L(X,Y) isa
sequentially up-compact operator, S € L(Y, Z) is a dominated lattice homomorphism, and Iy,
(the ideal generated by S(Y)) is up-regular in Z then S o T is sequentially up-compact.

Proof. Let x, be a p-bounded sequence in X. Since T sequentially up-compact, there exist a
subsequence x,, and yo € Y such that T'x,, s YoinY.Let0 < u € Igy). Thenthereis y € Y,
such that 0 < u < Sy. Therefore, we have for a dominant R:

q(SUT X = Yol A Y)) < R(m(Txn, = Yol A ¥)
and so

q((STxs, — Syol A S)) < R(m(ITxs, — Yol A Y)).
It follows from 0 < u < Sy, that

q((ISTxu, — Syol Aw)) < R(m(ITxy, — Yol A w)).

Now, the argument given in the proof of Theorem 8 can be repeated here as well. Thus, we
have that So T : (X, p, E) — (Isy), q, G) is sequentially up-compact. Since Ig(y) is up-regular
in Z then it can be easily seen that So T : X — Z is sequentially up-compact. [

We conclude this section by a result which might be compared with Proposition 9.9 in [12].

Proposition 27. Let (X, p, E) be an LNS and let (Y, || - |ly) be a o-order continuous normed
lattice. If T : (X, p, E) — (Y, |-],Y) is sequentially up-compact and p-bounded then T :
X, p, E)— (Y, |l - lly) is GAM-compact.

Proof. Let x, be a p-bounded sequence in X. Since T is up-compact, there exist a subsequence
X,, and some y € Y such that T'x,,, £ yin (Y, |-], Y) and, by the o -order continuity of (Y, |- ||y),
we have Tx,, = y in Y. Moreover, since T is p-bounded then T x,, is p-bounded (Y, ||, Y) or

order bounded in Y, and so we get T'x,, Mi) y. Therefore, T is GAM-compact. [
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