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a b s t r a c t

In this work, we introduce some new generalized sequence spaces related to the spaces
ℓ∞(p), c(p) and c0(p). Furthermore, we investigate some topological properties such as
the completeness and the isomorphism, and we also give some inclusion relations among
these sequence spaces. In addition, we compute the α-, β- and γ -duals of these spaces, and
characterize certain matrix transformations on these sequence spaces.
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1. Introduction

Some basic approaches of studying the sequence spaces are inclusion relations, matrix mapping, and the determination
of topologies which are completeness, duals (continuous or Köthe–Teoplitz), and bases. To obtain new sequence spaces, in
general, the matrix domain µA of an infinite matrix A defined by µA = {x = (xk) ∈ w : Ax ∈ µ} is used. In most cases, the
new sequence space µA generated by the limitation matrix A from a sequence space µ is the expansion or the contraction
of the original space µ; in some cases these spaces may be overlap. Indeed, one can easily see that the inclusion µS ⊂ µ
strictly holds forµ ∈ {ℓ∞, c, c0}. Similarly, one can deduce that the inclusionµ ⊂ µ∆ also strictly holds forµ ∈ {ℓ∞, c, c0};
where S and ∆ are matrix operators.

Recently, in [1], Mursaleen and Noman constructed new sequence spaces by using amatrix domain over a normed space.
They also studied some topological properties and inclusion relations of these spaces.

It is well known that paranormed spaces have more general properties than normed spaces. In this work, we generalize
the normed sequence spaces defined by Mursaleen [1] to paranormed spaces. Furthermore, we introduce new sequence
spaces over the paranormed space by using the expansion method. Then, we investigate behavior of the sequence spaces
according to topological properties and inclusion relations. Finally, we give certainmatrix transformation on these sequence
spaces and their duals.

In the literature, the approach of constructing a new sequence space on the normed space or the paranormed space
by means of the matrix domain of a particular limitation method has recently been employed by several authors; see, for
example, Wang [2], Nq and Lee [3], Malkowsky and Savaş, [4] Malkowsky [5], Mursaleen and Noman [1] Altay and Başar
[6,7], Altay et al. [8], Başar and Altay [9–11], Aydın and Başar [12,13], Karakaya and Polat [14], Polat et al. [15], Savaş et al. [16]
andDemiriz and Çakan [17]. Some of the above-mentioned authors introduced the following sequence spaces: (ℓ∞)C1 = X∞

and (ℓp)C1 = Xp in [3], µG = Z(u, v; µ) in [4], (ℓp)∆ = bvp and (ℓ∞)∆ = bv∞ in [9], ℓλ
∞

= (ℓ∞)Λ, cλ
= (c)Λ, cλ

0 = (c0)Λ
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in [1], λ(u, v; p) = {λ(p)} for λ ∈ {ℓ∞, c, c0} in [11], r t
∞

(p) = (ℓ∞(p))Rt , r tc (p) = (c(p))Rt and r t0(p) = (c0(p))Rt in [6], and
er0(∆; p) = (c0(p))Er∆, er(∆; p) = (c(p))Er∆ and er

∞
(∆; p) = (ℓ∞(p))Er∆ in [14], where C1, Rt , and Er denote the Cesâro,

the Riesz, and the Euler means, respectively,∆ denotes the bandmatrix of the difference operators, andΛ and G are defined
in [1,4], respectively.

By w, we denote the space of all real-valued sequences. Any vector subspace of w is called a sequence space. We write
ℓ∞, c , and c0 for the sequence space of all bounded, convergent, and null sequences, respectively. Also, by ℓ1, cs, and bs, we
denote the spaces of all absolutely convergent series, convergent series, and bounded series, respectively.

A linear topological space X over the real field R is said to be a paranormed space if there is a subadditive function
h : X → R such that h(θ) = 0, h(x) = h(−x) and scalar multiplication is continuous; i.e., |αn − α| → 0 and h(xn − x) → 0
imply h(αnxn − αx) → 0 for all α in R and x in X , where θ is the zero in the linear space X .

Let µ, ν be any two sequence spaces and let A = (ank) be any infinite matrix of real numbers ank, where n, k ∈ N with
N = {0, 1, 2, . . .}. Then, we say that A defines a matrix mapping from µ into ν by writing A : µ → ν if, for every sequence
x = (xk) ∈ µ, the sequence Ax = (An(x)), the A-transform of x, is in ν, where

An(x) =

−
k

ankxk (n ∈ N). (1.1)

By (µ, ν), we denote the class of all matrices A such that A : µ → ν. Thus, A ∈ (µ, ν) if and only if the series on the
right-hand side of (1.1) converges for each n ∈ N and every x ∈ µ, and we have Ax ∈ ν for all x ∈ µ. A sequence x is said to
be A-summable to a if Ax converges to a, which is called as the A-limit of x.

Assume here and subsequently that (pk), (qk) are bounded sequences of strictly positive real numbers with sup pk = H
andM = max(1,H). Then, the linear spaces ℓ∞(p), c(p) and c0(p) were defined by Maddox [18] as follows.

ℓ∞(p) = {x = (xn) ∈ w : sup
n∈N

|xn|pn < ∞}

c(p) = {x = (xn) ∈ w : lim
n→∞

|xn − l|pn = 0 for some l ∈ R}

c0(p) = {x = (xn) ∈ w : lim
n→∞

|xn|pn = 0},

which are the complete spaces paranormed by

h(x) = sup
n∈N

|xn|
pn
M , iff inf pn > 0.

Throughout this work, by z and Nk, respectively, we shall denote the collection of all subsets of N and the set of all n ∈ N
such that n ≥ k, and e = (1, 1, 1, . . .).

2. The sequence spaces ℓ∞(λ, p), c(λ, p) and c0(λ, p)

In this section,we define the sequence spacesµ(λ, p) forµ ∈ {ℓ∞, c, c0}, and prove that these sequence spaces according
to their paranorm are complete paranormed linear spaces. In [1], Mursaleen and Noman defined the matrix Λ = (λnk)

∞

n,k=0
by

λnk =


λk − λk−1

λn
(0 ≤ k ≤ n)

0 (k > n),
(2.1)

where λ = (λk)
∞

k=0 is a strictly increasing sequence of positive reals tending to ∞; that is, 0 < λ0 < λ1 < · · · and λk → ∞

as k → ∞. Now, by using (2.1), we define new sequence spaces as follows:

ℓ∞(λ, p) =


x = (xk) ∈ w : sup

n

 1λn

n−
k=0

(λk − λk−1)xk


pn

< ∞


;

c(λ, p) =


x = (xk) ∈ w : lim

n→∞

 1λn

n−
k=0

(λk − λk−1)(xk − l)


pn

= 0 for some l ∈ R


;

c0(λ, p) =


x = (xk) ∈ w : lim

n→∞

 1λn

n−
k=0

(λk − λk−1)xk


pn

= 0


.

Then, we have the following special cases.
(i) If p = e, then c0(λ, p) = cλ

0 , c(λ, p) = cλ and ℓ∞(λ, p) = ℓλ
∞

(see [1]).
(ii) If λ = (Qn) and p = e, then c0(λ, p) = (N̄, q)0, c(λ, p) = (N̄, q) and ℓ∞(λ, p) = (N̄, q)∞, where Qn =

∑n
k=0 qk and

q = (qk) is a positive real sequence (see [5]).
(iii) If λ = (n + 1) and p = e, then ℓ∞(λ, p) = X∞ (see [3]) and µ(λ, p) = [µ]C1 for µ ∈ {c0, c}.
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For any x = (xn) ∈ w, we define the sequence y = (yn), which will frequently be used, as the Λ-transform of x, i.e.,
y = Λ(x), and hence

yn =

n−
k=0


λk − λk−1

λn


xk (n ∈ N). (2.2)

We now may begin with the following theorem.

Theorem 1. The sequence spaces ℓ∞(λ, p), c(λ, p) and c0(λ, p) are the complete linear metric spaces with respect to paranorm
defined by

h(x) = sup
n

 1λn

n−
k=0

(λk − λk−1)xk


pn
M

.

Proof. We prove the theorem only for space c0(λ, p). For the other spaces of the theorem, a similar idea can be repeated.
The linearity of c0(λ, p) with respect to the coordinatewise addition and scalar multiplication follows from the following
inequalities, which are satisfied for x, t ∈ c0(λ, p) (see [19]).

sup
n

 1λn

n−
k=0

(λk − λk−1)(xk + tk)


pn
M

≤ sup
n

 1λn

n−
k=0

(λk − λk−1)xk


pn
M

+ sup
n

 1λn

n−
k=0

(λk − λk−1)tk


pn
M

, (2.3)

and, for any α ∈ R (see [20]),

|α|
pk ≤ max{1, |α|

M
}.

It is clear that h(θ) = 0, h(x) = h(−x) for all x ∈ c0(λ, p). Again, the inequalities (2.3) and (2.4) yield the subadditivity of
h and h(αx) ≤ max{1, |α|

M
}h(x). Let {xm} be any sequence of points xm ∈ c0(λ, p) such that h (xm − x) → 0, and also let

(αm) be any sequence of scalars such that αm → α. Then, since the inequality

h(xm) ≤ h(x) + h(xm − x)

holds by subadditivity of h, {h(xm)} is bounded, and we thus have

h(αmxm − αx) = sup
n

 1λn

n−
k=0

(λk − λk−1)(αmxmk − αxk)


pn
M

≤ |αm → α|
pn
M h(xm) + |α|

pn
M h(xm − x),

which tends to zero as n → ∞. Therefore, the scalar multiplication is continuous. Hence, h is a paranorm on the space
c0(λ, p). It remains to prove the completeness of the space c0(λ, p). Let {xj} be any Cauchy sequence in the space c0(λ, p),
where xj = {x(j)

0 , x(j)
1 , x(j)

2 , . . .}. Then, for a given ε > 0, there exists a positive integer m0(ε) such that h(xj − xi) < ε
2 for all

i, j > m0(ε). Using the definition of h, we obtain for each fixed n ∈ N that

|Λn(xj) − Λn(xi)|
pn
M ≤ sup

n
|Λn(xj) − Λn(xi)|

pn
M <

ε

2
(2.4)

for every i, j > m0(ε), which leads us to the fact that {Λn(x0), Λn(x1), Λn(x2), . . .} is a Cauchy sequence of real numbers for
every fixed n ∈ N. Since R is complete, the sequence An(xi) convergens the sequence An(x) as i tend to infinity. Using these
infinitely many limits, we may write the sequence {Λ0(x), Λ1(x), Λ2(x), . . .}. By using the (2.5) as i → ∞, we have

|Λn(xj) − Λn(x)| <
ε

2
, (j ≥ m0(ε))

for every fixed n ∈ N. Since xj = (x(j)
k ) ∈ c0(λ, p) for each j ∈ N, there exists m0(ε) ∈ N such that |Λn(xj)|

Pn
M < ε

2 for every
j ≥ m0(ε) and for each n ∈ N. By taking a fixed j ≥ m0(ε), we obtain by (2.5) that

|Λn(x)|
pn
M ≤ |Λn(xj) − Λn(x)|

pn
M + |(Λxj)n|

pn
M < ε

for every j ≥ m0(ε). Hence, we get x ∈ c0(λ, p). As a result, the space c0(λ, p) is complete.
Therefore, one can easily check that the absolute property does not hold on the spaces ℓ∞(λ, p), c0(λ, p) and c(λ, p);

that is, h(x) = h(|x|) for at least one sequence in this space, which means that ℓ∞(λ, p), c0(λ, p) and c(λ, p) are sequence
spaces of non-absolute type, where |x| = (|xk|). �

Theorem 2. The sequence spaces ℓ∞(λ, p), c(λ, p), and c0(λ, p) of non-absolute type are linearly isomorphic to the spaces ℓ∞(p),
c(p), and c0(p), respectively, where 0 < pk ≤ H < ∞.
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Proof. We establish this for the space c0(λ, p). To prove the theorem, we should show the existence of a linear bijection
between the spaces c0(λ, p) and c0(p). With the notation of (2.2), we define transformation T from c0(λ, p) to c0(p) by
x → y = Tx. The linearity of T is trivial. Further, it is obvious that x = θ whenever Tx = θ , and hence T is injective.

Let y ∈ c0(p), and define the sequence x = {xn}:

xn(λ) =

n−
k=n−1

(−1)n−k λk

λn − λn−1
yk (n, k ∈ N).

Then, we have

hc0(λ,p)(x) = sup
n

 1λn

n−
k=0

(λk − λk−1)xk


pn
M

= sup
n

|yn|
pn
M = hc0(p)(y).

Thus, we have that x ∈ c0(λ, p), and consequently T is surjective and paranorm preserving. Hence, T is a linear bijection,
and this tells us that the spaces c0(λ, p) and c0(p) are linearly isomorphic.

It is clear here that if the spaces c0(λ, p) and c0(p) are respectively replaced by the spaces c(λ, p), c(p), and
ℓ∞(λ, p), ℓ∞(p), then we obtain the fact that c(λ, p) ∼= c(p) and ℓ∞(λ, p) ∼= ℓ∞(p). This completes the proof. �

3. Some inclusion relations

In this section, we give some inclusion relations between the spaces ℓ∞(p), c(p), c0(p) and the spaces ℓ∞(λ, p),
c(λ, p), c0(λ, p).

Theorem 3. The inclusions c0(λ, p) ⊂ c(λ, p) ⊂ ℓ∞(λ, p) strictly hold.

Proof. To show that the inclusion c0(λ, p) ⊂ c(λ, p), by using relation y = Λx, we take Λx ∈ c0(p). Since c0(p) ⊂ c(p),
we get Λx ∈ c(p), and hence x ∈ c(λ, p). Also, since Λx ∈ c(p) for every x ∈ c(λ, p) and the inclusion c0(p) ⊂ c(p) is
strict, for some Λx ∈ c(p), we get Λx ∉ c0(p). Hence, it is obtained that x ∉ c0(λ, p). A similar idea can be used to show
the inclusion c(λ, p) ⊂ ℓ∞(λ, p). Also, the inclusion c(λ, p) ⊂ ℓ∞(λ, p) is strict. For this, we take the following sequence:
xk = (−1)k λk+λk−1

2(λk−λk−1)
and pn = (−1)n +

2n+3
n+1 ; we have

|Λn(x)|pn =
1

2(−1)n+ 2n+3
n+1

.

From the above equality, we get that the sequence x is in ℓ∞(λ, p) but not in c(λ, p). �

Theorem 4. If 1 ≤ pn ≤ pn+1 for all n ∈ N, then the inclusions c0(p) ⊂ c0(λ, p), c(p) ⊂ c(λ, p) and ℓ∞(p) ⊂ ℓ∞(λ, p) hold.

Proof. If p = e, then the inclusions hold by [4, Lemmas 4.2; 4.3]. Otherwise, let x ∈ c0(p) be given. Then |x|p ∈ c0, where
|x|p = (|xk|pk)∞k=0. Choose a fixed n0 ∈ N such that |xk|pk < 1 for all k ≥ n0. Then, we have for every n > n0 that

|xk|pn = (|xk|pk)pn/pk ≤ |xk|pk; (n0 ≤ k ≤ n), (3.1)

since pk ≤ pn for k ≤ n(n ∈ N).
On the other hand, since p = (pn) is bounded, there exists a suitable constantM > 0 such that

n0−1−
k=0

(λk − λk−1)|xk|pn ≤ M
n0−1−
k=0

(λk − λk−1)|xk|pk; (n ∈ N). (3.2)

Therefore, by using (3.1) and (3.2), we obtain by applying Hölder’s inequality that

|Λn(x)|pn ≤


n−

k=0


λk − λk−1

λn


|xk|

pn

≤


n−

k=0


λk − λk−1

λn


|xk|pn


n−

k=0


λk − λk−1

λn

pn−1

=
1
λn

n−
k=0

(λk − λk−1)|xk|pn

=
1
λn


n0−1−
k=0

(λk − λk−1)|xk|pn +

n−
k=n0

(λk − λk−1)|xk|pn

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≤
M + 1

λn

n−
k=0

(λk − λk−1)|xk|pk

= (M + 1)Λn(|x|p)

for all sufficiently large n > n0.
Now, since |x|p ∈ c0, we have by [4, Lemma 2.1] that Λ(|x|p) ∈ c0. This leads us with the above inequality to the

consequence that Λ(x) ∈ c0(p), and hence x ∈ c0(λ, p). Therefore, the inclusion c0(p) ⊂ c0(λ, p) holds, since x ∈ c0(p) was
arbitrary.

Also, if x ∈ c(p), then there is l ∈ R such that x − le ∈ c0(p), which implies that x − le ∈ c0(λ, p), and hence x ∈ c(λ, p).
This shows that the inclusion c(p) ⊂ c(λ, p) holds.

Similarly, with somemodifications, it can be shown that the inclusion ℓ∞(p) ⊂ ℓ∞(λ, p) holds. Thus, we leave the details
to the reader. �

Theorem 5. Let µ denote any of the spaces c0, c and ℓ∞.

(i) If pn > 1 for all n ∈ N, then the inclusion µλ
⊂ µ(λ, p) holds.

(ii) If pn < 1 for all n ∈ N, then the inclusion µ(λ, p) ⊂ µλ holds.

Proof. (i) Let x ∈ cλ
0 . It is clear that Λ(x) ∈ c0. One can find m ∈ N such that |Λn(x)| < 1 for all n ≥ m. Under condition (i),

we have |Λn(x)|pn < |Λn(x)| for all n ≥ m. Hence we get x ∈ c0(λ, p).
(ii) We suppose that x ∈ c0(λ, p). Then Λ(x) ∈ c0(p), and there exists m ∈ N such that |Λn(x)|pn < 1 for all n ≥ m. To

obtain the result, we consider the following inequality:

|Λn(x)| = (|Λn(x)|pn)
1
pn < |Λn(x)|pn

for all n ≥ m. So, we get x ∈ cλ
0 . The proofs for the spaces cλ, ℓλ

∞
and c(λ, p), ℓ∞(λ, p) can be repeated in a similar way. �

4. Some matrix transformations and duals of the spaces ℓ∞(λ, p), c0(λ, p) and c(λ, p)

In this section, we give the theorems determining the α-, β-, and γ - duals of the space µ(λ, p) for µ ∈ {ℓ∞, c, c0}. In
proving the theorems, we apply the technique used in [11]. Also, we give some matrix transformations from the spaces
ℓ∞(λ, p), c0(λ, p) and c(λ, p) into the paranormed spaces ℓ∞(q), c0(q) and c(q) by using the matrix given in [1].

For the sequence space µ and ν, the set S(µ, ν) defined by

S(µ, ν) = {a = (ak) ∈ w : ax ∈ ν for all x ∈ µ}

is called the multiplier spaces of µ and ν. The α-, β-, and γ -duals of a sequence space µ, which are respectively denoted by
µα, µβ , and µγ , are defined by

µα
= S(µ, ℓ1), µβ

= S(µ, cs) µγ
= S(µ, bs).

We shall assume throughout this section that λ = (λk) is a strictly increasing sequence of positive real numbers, i.e., we
drop the condition λk → ∞(k → ∞) from the definition of λ. Then, we may begin with the following theorem, which
computes the α-dual of the space µ(λ, p) for µ ∈ {ℓ∞, c, c0}.

Theorem 6. Let λ = (λn) be a strictly increasing sequence of positive real numbers. Define the matrix Da
= (dank) by

dank =

(−1)n−k λk

λn − λn−1
an (n − 1 ≤ k ≤ n)

0 (0 ≤ k ≤ n − 1) or (k > n).
(4.1)

Then

µα(λ, p) = {a = (an) ∈ w : Da
∈ (µ(p); ℓ1)}.

Proof. We consider the following equality.

anxn =

n−
k=n−1

dankyk = (Day)n (n ∈ N), (4.2)

where Da
= (dank) is defined by (4.1).

From (4.2), it can be obtained that ax = (anxn) ∈ ℓ1 whenever x ∈ µ(λ, p) if and only if Day ∈ ℓ1 whenever y ∈ µ(p).
This means that a ∈ µα(λ, p) if and only if Da

∈ (µ(p); ℓ1). Hence this completes the proof. �

The result of the theorem above corresponds to the special cases qn = 1 for all n ∈ N in Theorem 5.1(1–3) (see [21]).
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As a direct consequence of Theorem 6, we have the following.

Corollary 1. Let K∗
= {k ∈ N : n − 1 ≤ k ≤ n} ∩ K for K ⊂ z and rk = M−

1
pk . Then

ℓα
∞

(λ, p) =


M≥1


a = (an) ∈ w : sup

K∗⊂z

−
k∈K∗

dankr
−1
k ∈ ℓ1for everyM ∈ N1


;

cα(λ, p) =


M≥1


a = (an) ∈ w : sup

K∗⊂z

−
k∈K∗

dankr
−1
k ∈ ℓ1and a = (an) ∈ ℓ1for someM ∈ N1


;

cα
0 (λ, p) =


M≥1


a = (an) ∈ w : sup

K∗⊂z

−
k∈K∗

dankr
−1
k ∈ ℓ1


.

In the following theorem, we characterize the β- and γ -duals of the space µ(λ, p) for µ ∈ {ℓ∞, c, c0}.

Theorem 7. Let λ = (λn) be a strictly increasing sequence of positive real numbers, and let 1xk = xk−xk+1. Define the sequence
s1 = (s1k), s2 = (s2k) and the matrix Ba

= (bank) by

s1k = ∆


ak

λk − λk−1


λk, s2k =

akλk

λk − λk−1

bank =

s1k (0 ≤ k ≤ n − 1)
s2k (k = n)
0 (k > n)

for all n, k ∈ N. Then

µβ(λ, p) = {a = (an) ∈ w : Ba
∈ (µ(p); c)}; (4.3)

and

µγ (λ, p) = {a = (an) ∈ w : Ba
∈ (µ(p); ℓ∞)}.

Proof. Consider the equality

n−
k=0

akxk =

n−1−
k=0

s1kyk + s2nyn = (Bay)n. (4.4)

From (4.4), it can be obtained that ax = (anxn) ∈ cs or bs whenever x = (xn) ∈ µ(λ, p) if and only if Bay ∈ c or ℓ∞

whenever y = (yk) ∈ µ(p). This means that a = (an) ∈ µβ(λ, p) or a = (an) ∈ µγ (λ, p) if and only if Ba
∈ (µ(p); c) or

Ba
∈ (µ(p); ℓ∞), where µ ∈ {ℓ∞, c, c0}. Hence this completes the proof. �

From Theorem 7, we can deduce the following corollary.

Corollary 2. Let r = (rk) with rk = M−
1
pk for all k ∈ N. Then

(i) ℓ
β
∞(λ, p) =


M≥1{a = (an) ∈ w : s1r−1

∈ ℓ1, s2r−1
∈ c0};

(ii) cβ(λ, p) =


M≥1{a = (an) ∈ w : s1r ∈ ℓ1, s2r ∈ ℓ∞ and s3 ∈ cs};
(iii) cβ

0 (λ, p) =


M≥1{a = (an) ∈ w : s1r ∈ ℓ1, s2r ∈ ℓ∞};
(iv) ℓ

γ
∞(λ, p) =


M≥1{a = (an) ∈ w : s1r−1

∈ ℓ1, s2r−1
∈ ℓ∞};

(v) cγ (λ, p) =


M≥1{a = (an) ∈ w : s1r ∈ ℓ1, s2r ∈ ℓ∞, s3 ∈ cs};
(vi) cγ

0 (λ, p) =


M≥1{a = (an) ∈ w : s1r ∈ ℓ1, s2r ∈ ℓ∞},

where s3k =
akλk

∆(λk−λk−1)
.

After this step, we can give our theorems on the characterization of some matrix classes concerning the sequence space
µ(λ, p) for µ ∈ {c0, c, ℓ∞}.

Let x, y ∈ w be connected by the relation y = Λ(x). For an infinite matrix A = (ank), we have by using (4.4) of Theorem 7
that

m−
k=0

ankxk =

m−1−
k=0

ãnkyk +
λm

λm − λm−1
anmym (m, n ∈ N), (4.5)
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where

ãnk =


ank

λk − λk−1
−

an,k+1

λk+1 − λk


λk; (n, k ∈ N).

The necessary and sufficient conditions characterizing the matrix mapping between the sequence spaces c0(p), c(p) and
ℓ∞(p) of Maddox have been determined by Gross-Erdman [21]. Let L and M be natural numbers, and define the set K by
K = {k ∈ N : pk ≥ 1}. Before giving the theorems, let us suppose that (qn) is a non-decreasing bounded sequence of positive
real numbers, and consider the following conditions:

∃M sup
K

−
n

−
k∈K

ãnkM
−

1
pk


qn

< ∞, (4.6)

−
n

−
k

ãnk


qn

< ∞, (4.7)

∀M sup
K

−
n

−
k∈K

ãnkM
1
pk


qn

< ∞, (4.8)

lim
n

|ãnk|qn = 0 (∀k ∈ N), (4.9)

∀L, ∃M sup
n

L
1
qn
−
k

|ãnk|M
−

1
pk < ∞, (4.10)

lim
n

−
k

ãnk


qn

= 0, (4.11)

∀M lim
n

−
k

ãnkM 1
pk

qn

= 0, (4.12)

∃ãk, lim
n

ãnk − ãk
qn = 0 (∀k ∈ N), (4.13)

∃M sup
n

−
k

|ãnk|M
−

1
pk < ∞, (4.14)

∀M sup
n

−
k

|ãnk|M
−

1
pk < ∞, (4.15)

∀L, ∃M sup
n

L
1
qn
−
k

|ãnk − ãk|M
−

1
pk < ∞, (4.16)

∃ã, lim
n

−
k

ãnk − ã


qn

= 0, (4.17)

∀M lim
n

−
k

|ãnk − ãk|M
1
pk

qn

= 0, (4.18)

sup
n

−
k

ãnk


qn

< ∞, (4.19)

∃M, sup
n

−
k

|ãnk|M
−

1
pk

qn

< ∞, (4.20)

∀M sup
n

−
k

ãnkM 1
pk

qn

< ∞. (4.21)


λk

λk − λk−1
ank

∞

k=0
∈ c0(q) (∀n ∈ N) (4.22)



1480 V. Karakaya et al. / Mathematical and Computer Modelling 54 (2011) 1473–1480
λk

λk − λk−1
ank

∞

k=0
∈ c(q) (∀n ∈ N) (4.23)

λk

λk − λk−1
ank

∞

k=0
∈ ℓ∞(q) (∀n ∈ N). (4.24)

By using (4.3) and (4.5) and Corollary 2, we have the following results.

Theorem 8. We have

(i) A ∈ (c0(λ, p) : ℓ(q)) if and only if (4.6) and (4.24) hold.
(ii) A ∈ (c(λ, p) : ℓ(q)) if and only if (4.6), (4.7) and (4.23) hold.
(iii) A ∈ (ℓ∞(λ, p) : ℓ(q)) if and only if (4.8) and (4.22) hold.

Theorem 9. We have

(i) A ∈ (c0(λ, p) : c0(q)) if and only if (4.9), (4.10) and (4.24) hold.
(ii) A ∈ (c(λ, p) : c0(q)) if and only if (4.9)–(4.11) and (4.22) hold.
(iii) A ∈ (ℓ∞(λ, p) : c0(q)) if and only if (4.18), (4.13) and (4.22) hold.

Theorem 10. We have

(i) A ∈ (c0(λ, p) : c(q)) if and only if (4.13), (4.14), (4.16) and (4.23) hold.
(ii) A ∈ (c(λ, p) : c(q)) if and only if (4.13), (4.14), (4.16), (4.17) and (4.23) hold.
(iii) A ∈ (ℓ∞(λ, p) : c(q)) if and only if (4.18), (4.21), (4.13) and (4.22) hold.

Theorem 11. We have

(i) A ∈ (c0(λ, p) : ℓ∞(q)) if and only if (4.20) and (4.24) hold.
(ii) A ∈ (c(λ, p) : ℓ∞(q)) if and only if (4.19), (4.20) and (4.24) hold.
(iii) A ∈ (ℓ∞(λ, p) : ℓ∞(q)) if and only if (4.21) and (4.24) hold.
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