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1. Introduction

Some basic approaches of studying the sequence spaces are inclusion relations, matrix mapping, and the determination
of topologies which are completeness, duals (continuous or Kéthe-Teoplitz), and bases. To obtain new sequence spaces, in
general, the matrix domain u,4 of an infinite matrix A defined by us = {x = (xx) € w : Ax € u} is used. In most cases, the
new sequence space u, generated by the limitation matrix A from a sequence space j is the expansion or the contraction
of the original space u; in some cases these spaces may be overlap. Indeed, one can easily see that the inclusion us C u
strictly holds for u € {£~, c, co}. Similarly, one can deduce that the inclusion i C w4 also strictly holds for 1 € {£,, c, co};
where S and A are matrix operators.

Recently, in [1], Mursaleen and Noman constructed new sequence spaces by using a matrix domain over a normed space.
They also studied some topological properties and inclusion relations of these spaces.

It is well known that paranormed spaces have more general properties than normed spaces. In this work, we generalize
the normed sequence spaces defined by Mursaleen [1] to paranormed spaces. Furthermore, we introduce new sequence
spaces over the paranormed space by using the expansion method. Then, we investigate behavior of the sequence spaces
according to topological properties and inclusion relations. Finally, we give certain matrix transformation on these sequence
spaces and their duals.

In the literature, the approach of constructing a new sequence space on the normed space or the paranormed space
by means of the matrix domain of a particular limitation method has recently been employed by several authors; see, for
example, Wang [2], Nq and Lee [3], Malkowsky and Savas, [4] Malkowsky [5], Mursaleen and Noman [1] Altay and Basar
[6,7], Altay et al. [8], Basar and Altay [9-11], Aydin and Basar [12,13], Karakaya and Polat [ 14], Polat et al. [15], Savas et al. [ 16]
and Demiriz and Cakan [17]. Some of the above-mentioned authors introduced the following sequence spaces: (£oo)c; = Xoo
and (6)¢, = X, in [3], sue = Z(u, vi ) in [4], (€)a = bvp and (€oo) s = bve i [9], & = (Loo) s, ¢ = (). = (C0)a

* Corresponding author.
E-mail addresses: vkkaya@yildiz.edu.tr, vkkaya@yahoo.com (V. Karakaya), akanoman@gmail.com (A.K. Noman), h.polat@alparslan.edu.tr (H. Polat).

0895-7177/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.mcm.2011.04.019


http://dx.doi.org/10.1016/j.mcm.2011.04.019
http://www.elsevier.com/locate/mcm
http://www.elsevier.com/locate/mcm
mailto:vkkaya@yildiz.edu.tr
mailto:vkkaya@yahoo.com
mailto:akanoman@gmail.com
mailto:h.polat@alparslan.edu.tr
http://dx.doi.org/10.1016/j.mcm.2011.04.019

1474 V. Karakaya et al. | Mathematical and Computer Modelling 54 (2011) 1473-1480

in [1], A(u, v; p) = {A(p)} for & € {€x, ¢, co} in [11], 75, (D) = (Loo(P))ge, () = (c(P))ge and 1g(p) = (co(p))ge in [6], and
e (A;p) = (co(P))era, € (A;p) = (c(p))era and el (A; p) = (€oo(p))er 4 in [14], where Cq, R, and E™ denote the Cesdro,
the Riesz, and the Euler means, respectively, A denotes the band matrix of the difference operators, and A and G are defined
in [1,4], respectively.

By w, we denote the space of all real-valued sequences. Any vector subspace of w is called a sequence space. We write
£, ¢, and ¢q for the sequence space of all bounded, convergent, and null sequences, respectively. Also, by £1, cs, and bs, we
denote the spaces of all absolutely convergent series, convergent series, and bounded series, respectively.

A linear topological space X over the real field R is said to be a paranormed space if there is a subadditive function
h : X — Rsuch that h(f) = 0, h(x) = h(—x) and scalar multiplication is continuous; i.e., |o, — | — 0and h(x, —x) — 0
imply h(onX, — ax) — O forall @ in R and x in X, where 6 is the zero in the linear space X.

Let w, v be any two sequence spaces and let A = (a,;) be any infinite matrix of real numbers a,;, where n, k € N with
N = {0, 1, 2, ...}. Then, we say that A defines a matrix mapping from p into v by writing A : © — v if, for every sequence
X = (xx) € u, the sequence Ax = (A,(x)), the A-transform of x, is in v, where

Ap(x) = Zankxk (neN). (1.1)
k

By (u, v), we denote the class of all matrices A such that A : u — v. Thus, A € (u, v) if and only if the series on the
right-hand side of (1.1) converges for each n € N and every x € u, and we have Ax € v for all x € . A sequence x is said to
be A-summable to a if Ax converges to a, which is called as the A-limit of x.

Assume here and subsequently that (py), (qx) are bounded sequences of strictly positive real numbers with supp, = H
and M = max(1, H). Then, the linear spaces £ (p), c(p) and co(p) were defined by Maddox [ 18] as follows.

loo(p) = {x = (xn) € w : sup [x,|”" < o0}
nenN

c(p) = {x=(xp) € w: lim |x, — " = 0 for some [ € R}
n—oo
co(@) = {x = (x;) € w: lim |x,|" = 0},
n—oo
which are the complete spaces paranormed by

h(x) = sup |xn|pﬂn, iff infp, > 0.
neN
Throughout this work, by F and Ny, respectively, we shall denote the collection of all subsets of N and the set ofalln € N
suchthatn > k,ande = (1,1, 1, ...).

2. The sequence spaces £.,(A, p), c(A, p) and co(A, p)

In this section, we define the sequence spaces (X, p) for u € {£~, c, co}, and prove that these sequence spaces according
to their paranorm are complete paranormed linear spaces. In [1], Mursaleen and Noman defined the matrix A = (An)q—o
by

A (2.1)

M= Mt O<k<n)
Ank = n -
0 (k > n),

where A = (&), is a strictly increasing sequence of positive reals tending to oo; thatis,0 < g < A; < ---and Ay — o0
as k — oo. Now, by using (2.1), we define new sequence spaces as follows:

Pn
<OOI;

Pn

-l n
. D 0= hc)xi

n k=0

Lo(A,p) = {x = (x¢) € w : sup

n

n—oo

C(A,p):{x:(xk)ew: lim :0f0rsomeleR};

-l n

= 2O = k)l — D
1 n

. Z(Ak — Me—1)Xk
m k=0

n k=0
Pn
_ 0} |

Then, we have the following special cases.

() If p = e, then co(A, p) = ¢, c(A, p) = c* and o (A, p) = Zéo_(see [1D. )

(ii) If A = (Qu) and p = e, then co(%, p) = (N, q)o, ¢(%, p) = (N, q) and Lo (%, p) = (N, @)oo, Where Q, = > "_ qx and
q = (qy) is a positive real sequence (see [5]).

(i) If A = (n+ 1) and p = e, then £, (A, p) = Xoo (see [3]) and (A, p) = [u]c, for u € {co, c}.

Co(A,p) = {x = (x) € w: lim
n—oo
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For any x = (x,) € w, we define the sequence y = (y,), which will frequently be used, as the A-transform of x, i.e.,
y = A(x), and hence

DA — A
mzixljfi%kmem. (22)

k=0
We now may begin with the following theorem.

Theorem 1. The sequence spaces £~, (A, p), c(A, p) and co(A, p) are the complete linear metric spaces with respect to paranorm
defined by

<

h(x) = sup

n

1 n
I Z()\k — Ag—1)Xk

m k=0

Proof. We prove the theorem only for space cy(X, p). For the other spaces of the theorem, a similar idea can be repeated.
The linearity of co(A, p) with respect to the coordinatewise addition and scalar multiplication follows from the following
inequalities, which are satisfied for x, t € co(A, p) (see [19]).

=5
55
<z

1 n
= Z()»k — Ae—1)t

m k=0

-+ sup

n

1 n
— DO = M) : (23)

1 n
o Z(Ak — Ak—1) (X + t)
n =0

n k=0

sup
n

< sup
n

and, for any o € R (see [20]),
loe|Pe < max{T1, |a|"}.

It is clear that h(9) = 0, h(x) = h(—x) for all x € co(A, p). Again, the inequalities (2.3) and (2.4) yield the subadditivity of
h and h(ax) < max{1, |a|M}h(x). Let {x™} be any sequence of points xX™ € cy(X, p) such that h (x™ — x) — 0, and also let
(o) be any sequence of scalars such that o, — «. Then, since the inequality

h(x™) < h(x) +h(x" —x)
holds by subadditivity of h, {h(x™)} is bounded, and we thus have
pn
M

1
h(O‘mxm - OlX) = sup E ()‘-k - )\k—l)(amka - Ole)
O

lotm — | ¥ (™) + || ¥ hGE™ — X),

IA

which tends to zero as n — oo. Therefore, the scalar multiplication is continuous. Hence, h is a paranorm on the space
Co(A, p). It remains to prove the completeness of the space co(A, p). Let {¥'} be any Cauchy sequence in the space cy(A, p),
where ¥ = {xg), xg’), xg’), ...}. Then, for a given ¢ > 0, there exists a positive integer mg(¢) such that h(x¥ — x') < % for all
i,j > mg(e). Using the definition of h, we obtain for each fixed n € N that
. . Pn : i Pn &
[ An(¥) — Ap(x)| M < sup [A,(¥) — Ap(x)| M < 3 (24)
n
forevery i, j > mg(¢e), which leads us to the fact that {An(xo), An(x1), Ap(x?), ...} is a Cauchy sequence of real numbers for
every fixed n € N. Since R is complete, the sequence A, (x') convergens the sequence A, (x) as i tend to infinity. Using these
infinitely many limits, we may write the sequence { Ag(x), A1(x), A2(x), ...}. By using the (2.5) asi — oo, we have

Imw%ﬂMM<§,Ozm®)

for every fixed n € N. Since ¥ = (x,(j)) € co(A, p) for eachj € N, there exists mg(¢) € N such that |A,,(xf)|PW'1 < 5 for every

j = mg(e) and for each n € N. By taking a fixed j > mg(e), we obtain by (2.5) that
Py ; Py .1
AR OI Y < [A(¥) — Ap()|M + [(A¥)a| M < &

for every j > mq(e). Hence, we get x € co(A, p). As a result, the space co(A, p) is complete.

Therefore, one can easily check that the absolute property does not hold on the spaces ¢ (X, p), co(A, p) and c(A, p);
that is, h(x) = h(|x|) for at least one sequence in this space, which means that £, (%, p), co(A, p) and c(A, p) are sequence
spaces of non-absolute type, where |x| = (|x¢]). O

Theorem 2. The sequence spaces £ (X, p), c(X, p), and co(A, p) of non-absolute type are linearly isomorphic to the spaces £~ (p),
c(p), and cy(p), respectively, where 0 < py < H < 0.
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Proof. We establish this for the space cy(), p). To prove the theorem, we should show the existence of a linear bijection
between the spaces co(A, p) and co(p). With the notation of (2.2), we define transformation T from co(}, p) to co(p) by
X — y = Tx. The linearity of T is trivial. Further, it is obvious that x = 6 whenever Tx = 6, and hence T is injective.

Lety € co(p), and define the sequence x = {x,}:

n
_ vy
X = Y (=1 kik i v (n,keN).
k=n—1 n— An-1

Then, we have

=z

n

1
= Z()»k — Ak—1)Xk

hco(k,p) (X) = sup
n m k=0

bn
= sup |ya| M = heyp) ().
n

Thus, we have that x € ¢y(X, p), and consequently T is surjective and paranorm preserving. Hence, T is a linear bijection,
and this tells us that the spaces co (X, p) and co(p) are linearly isomorphic.

It is clear here that if the spaces co(A,p) and co(p) are respectively replaced by the spaces c(}, p), c(p), and
Loo(My D), oo (D), then we obtain the fact that c(X, p) = c(p) and £ (X, p) = Lo (p). This completes the proof. O

3. Some inclusion relations

In this section, we give some inclusion relations between the spaces ¢, (p), c(p), co(p) and the spaces ¢, (%, p),
c(A, p), co(A, p).

Theorem 3. The inclusions co(A, p) C c(A, p) C Lo (X, p) strictly hold.

Proof. To show that the inclusion cy(X, p) C c(A, p), by using relation y = Ax, we take Ax € co(p). Since co(p) C c(p),
we get Ax € c(p), and hence x € c(A, p). Also, since Ax € c(p) for every x € c(A, p) and the inclusion cy(p) C c(p) is
strict, for some Ax € c(p), we get Ax & co(p). Hence, it is obtained that x & cy(A, p). A similar idea can be used to show
the inclusion c(A, p) C £ (A, p). Also, the inclusion c(A, p) C €4 (A, p) is strict. For this, we take the following sequence:

(ke AktAk—1 _ (_1\n 2n+3.
X =(—1) Tovesvan] andp, = (—=1)" + g we have

1

AP = ————.
| An ()] NETTRETE

From the above equality, we get that the sequence x is in £, (A, p) but notinc(X, p). O

Theorem 4. If 1 < p, < ppy1 foralln € N, then the inclusions co(p) C co(A, p), c(p) C c(A, p) and £ (p) C £oo (X, p) hold.

Proof. If p = e, then the inclusions hold by [4, Lemmas 4.2; 4.3]. Otherwise, let x € co(p) be given. Then |x|P € co, where
[X[P = (|xk|Pk)p,- Choose a fixed ng € N such that |x [Pk < 1 forall k > ng. Then, we have for every n > ng that

|Xk|pn — (|Xk|pk)Pn/Pk < |Xklpk; (nO < k < n)’ (31)

since py < p, for k < n(n € N).
On the other hand, since p = (p,) is bounded, there exists a suitable constant M > 0 such that

ng—1 np—1
D Ok =AD" <MD O — heeD el (e N). (32)
k=0 k=0

Therefore, by using (3.1) and (3.2), we obtain by applying Holder's inequality that

n Pn
Ak — Ag—
| AP < [ (71> w}
k=0 An
pn—1
n ()»k—)»kq) P . (kk_}wﬁl)
k=0 An ( k=0 An

1 n
= — > (= A D) xelP"
A
n k=0
1 np—1 n
= | 2o = Ml o+ 3 G = )bl
] k=0 k=ng



V. Karakaya et al. | Mathematical and Computer Modelling 54 (2011) 1473-1480 1477

M+1<
< A — Ao xl’k
= Z(k k—1) 1 Xk |

k=0
(M + 1) An(x]?)

for all sufficiently large n > ng.

Now, since |x|P € cg, we have by [4, Lemma 2.1] that A(|x|P) € co. This leads us with the above inequality to the
consequence that A(x) € co(p), and hence x € co(A, p). Therefore, the inclusion cy(p) C co(X, p) holds, since x € co(p) was
arbitrary.

Also, if x € c(p), then there is | € R such that x — le € ¢y(p), which implies that x — le € cq(%, p), and hence x € c(X, p).
This shows that the inclusion c(p) C c(A, p) holds.

Similarly, with some modifications, it can be shown that the inclusion £, (p) C ¢ (X, p) holds. Thus, we leave the details
to thereader. O

Theorem 5. Let u denote any of the spaces cg, ¢ and £,.

(i) If p, > 1foralln € N, then the inclusion u* C (X, p) holds.
(i) If pn < 1foralln e N, then the inclusion jv(\, p) C u* holds.

Proof. (i)Letx € c(}. It is clear that A(X) € cp. One can find m € N such that |A,(x)| < 1 for all n > m. Under condition (i),
we have |A,(X)|P" < |A,(x)| for all n > m. Hence we get x € ¢co(A, p).
(ii) We suppose that x € co(X, p). Then A(x) € co(p), and there exists m € N such that |A,(x)|"* < 1foralln > m. To
obtain the result, we consider the following inequality:
1
[AnX)] = (| An®)[P1)Pn < [ Ap()[P"

foralln > m. So, we getx € c{}. The proofs for the spaces ¢*, €% and c(A, p), £oo (A, p) can be repeated in a similar way. O

4. Some matrix transformations and duals of the spaces ¢, (A, p), ¢co(A, p) and c(A, p)

In this section, we give the theorems determining the «-, 8-, and y- duals of the space w(%, p) for u € {€,C, co}. In
proving the theorems, we apply the technique used in [11]. Also, we give some matrix transformations from the spaces
Loo(X, D), Co(A, p) and c(X, p) into the paranormed spaces £, (q), co(q) and c(q) by using the matrix given in [1].

For the sequence space u and v, the set S(u, v) defined by

S(u,v)y={a=(aq¢) e w:ax evforallx € u}

is called the multiplier spaces of x and v. The «-, 8-, and y-duals of a sequence space w, which are respectively denoted by
n®, 1P, and u?, are defined by

pe =S, ),  uP =S, cs) ¥’ =S, bs).

We shall assume throughout this section that . = (Ay) is a strictly increasing sequence of positive real numbers, i.e., we
drop the condition Ay — oo(k — o00) from the definition of A. Then, we may begin with the following theorem, which
computes the a-dual of the space u(X, p) for u € {£, c, Co}.

Theorem 6. Let . = (A,) be a strictly increasing sequence of positive real numbers. Define the matrix D* = (d3,) by

A ey A
dnk = )Ln - )\n—l (4-1)

0 O<k<n-—1)or (k> n).
Then

u*, p) ={a=(a,) € w:D" € (up); £1))}.

Proof. We consider the following equality.

WXy = Y dyye= DY)y (nEN), (4.2)

k=n—1

where D* = (d3,) is defined by (4.1).
From (4.2), it can be obtained that ax = (a,x,) € ¢1 whenever x € w(}, p) if and only if D"y € ¢; whenevery € u(p).
This means that a € u*(A, p) if and only if D* € (u(p); £1). Hence this completes the proof. O

The result of the theorem above corresponds to the special cases g, = 1 for alln € Nin Theorem 5.1(1-3) (see [21]).
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As a direct consequence of Theorem 6, we have the following.

1
Corollary 1. Let K* ={ke N:n—1<k<n}NKforK C f andr, =M P Then

k*cr keK*

& (A, p) = ﬂle { = (a,) € w: sup Z dﬁkrk € £forevery M € N]}

c*(\,p) = U {a = (a,) € w: sup Z dn,(rk € ¢1and a = (a,) € £,for some M € Nl}

M>1 K*Cr ke

g (A, p) = U {a = (ay) € w: sup Zdnkrk € E1}

M>1 K*CF kek*

In the following theorem, we characterize the 8- and y-duals of the space w (%, p) for u € {£, ¢, co}.

Theorem 7. Let A = (A,) be astrictly increasing sequence of positive real numbers, and let Ax, = Xy — Xy+1. Define the sequence
= (sp), s* = (s7) and the matrix B* = (b%,) by

a agh
5’1 = A 71{ )"lh Si — L
A — A1 Ak — Akt

ss (0<k<n-—1)

w=15% ((k=n
0 (k>n
foralln, k € N. Then
wP (., p) ={a=(a,) € w:B" € (up); Ok (4.3)

and

w’ (A, p) ={a=(a,) € w:B" € (Lp); o))}

Proof. Consider the equality

n n—1
D axe =Y sty +sayn = BY)n. (44)
= k=0

From (4.4), it can be obtained that ax = (a,x,) € cs or bs whenever x = (x,) € w(A,p) if and only if B’y € c or £
whenever y = (y¢) € u(p). This means thata = (a,) € u? (A, p) ora = (a,) € u” (A, p) ifand only if B* € (u(p); c) or
B* € (u(p); €oo), where u € {€~, c, co}. Hence this completes the proof. O

From Theorem 7, we can deduce the following corollary.

1
Corollary 2. Let r = (r) withr, = M P« for all k € N. Then

(i) €50 p) = Nyqfa = (@) € w:s'r™ ey, 52" € o}

(ii) Cﬂ()» p) = UM;{a =(ay) € w:s'r € £, € s and s® € cs);
(iii) ¢ (A p) =Uy-rla= (@) € w:slr € 1,5 € £s);

(iv) zgo(x p) = ﬂ,\,,_>1{a =(ay) ew:s'r lely,s?rlely);
(v) c¥(A,p) = UM;{a = (ay) € w:s'r € q,5%r € Ly, s> € cs};
i) ¢§ (A, p) = UM;{a =(ay) € w:s'r €y, s*r €y},

aghk

where s3 = -4
k™ AGg—2k—1)

After this step, we can give our theorems on the characterization of some matrix classes concerning the sequence space
w(A, p) for u € {co, ¢, £oo}-

Letx, y € w be connected by the relationy = A(x). For an infinite matrix A = (ay;), we have by using (4.4) of Theorem 7
that

m
> awxe = Z Anicyi + 7}Laanm (m,n €N, (45)
— m—1
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where

. a a
Ok = ( ekl >kk; (n,k e N).
Ak — Ak—1 A1 — Ak

The necessary and sufficient conditions characterizing the matrix mapping between the sequence spaces cy(p), c(p) and
£o0(p) of Maddox have been determined by Gross-Erdman [21]. Let L and M be natural numbers, and define the set K by
K = {k € N : p, > 1}. Before giving the theorems, let us suppose that (q,) is a non-decreasing bounded sequence of positive
real numbers, and consider the following conditions:

qn
1
M sup Z Z M | < 00, (4.6)
K n | kek
qn
S Y | < oo, (47)
n k
; qn
VM sup Z Z aMPr| < o0, (4.8)
K07 | kek
lim || =0 (Vk € N), (4.9)
n
1 1
VL, 3MsupL™ Y@M P < oo, (4.10)
n k
qn
lim Xk:ank =0, (4.11)

k

an
VM lim (Z || M:i) =0, (4.12)

Jax, lim|dw —@|™ =0 (VkeN), (4.13)
n
_1
IM sup ) [du M P < oo, (4.14)
L
_1
YM sup2|ank|M < 00, (4.15)
L
1 - - _1
VL, 3dMsuplLan Z |G — ax|M ™ Pk < 00, (4.16)
n k

qn

3@, lim =0, (4.17)
n

D~
I

qn
1
VM lim (X’: (&g — ak|MPl<> =0, (4.18)
K

qn

su a < 00, 4.19
np Xk: nk ( )
; qn
aM, sup (Z |an,<|1v1vk> < 0, (4.20)
n k
; qn
VM sup (Z [ M"k) < oo. (4.21)
n k
A. o0
<7kank> €co(q) (YneN) (4.22)
)\k - )\kfl k=0
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)\’ o0
<7kank> ec(q) (VneN) (4.23)
M= A1 i=o
)\' o0
(kank> € lu(q) (YneN). (4.24)
Me—= M1 /=0

By using (4.3) and (4.5) and Corollary 2, we have the following results.

Theorem 8. We have

(i) A € (co(A, p) : £(q)) if and only if (4.6) and (4.24) hold.
(ii) A € (c(A,p) : £(q)) if and only if (4.6), (4.7) and (4.23) hold.
(iii) A € (Loo(X, p) : £(q)) if and only if (4.8) and (4.22) hold.

Theorem 9. We have

(i) A € (co(A, p) : co(q)) if and only if (4.9), (4.10) and (4.24) hold.
(ii) A € (c(X, p) : co(q)) if and only if (4.9)-(4.11) and (4.22) hold.
(iii) A € (Lo (A, D) : co(q)) if and only if (4.18), (4.13) and (4.22) hold.

Theorem 10. We have

(i) A € (co(A, p) : c(q)) if and only if (4.13), (4.14), (4.16) and (4.23) hold.
(ii) A € (c(A,p) : c(q)) if and only if (4.13), (4.14), (4.16), (4.17) and (4.23) hold.
(iii) A € (boo(X, p) : c(q)) if and only if (4.18), (4.21), (4.13) and (4.22) hold.

Theorem 11. We have

(i) A € (co(A, p) : Loo(q)) if and only if (4.20) and (4.24) hold.
(ii) A € (c(A, p) : £oo(q)) if and only if (4.19), (4.20) and (4.24) hold.
(iii) A € (Lo (A, D) : Loo(q)) if and only if (4.21) and (4.24) hold.
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