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In this article, we focus on two classes of fractional wave equations in the context of the sequential Caputo derivative. For the frst
class, we derive the closed-form solution in terms of generalized Mittag–Lefer functions. Subsequently, we consider a more
general class of nonhomogeneous fractional wave equations. Due to the complexity of fnding exact solutions for these problems,
we employ a numerical technique based on the operational matrix method to approximate the solution. We provide several
theoretical and numerical examples to validate the efectiveness of this numerical approach. Te results demonstrate the accuracy
and efciency of the proposed method.

1. Introduction

Fractional partial diferential equations (FPDEs) have re-
ceived increasing attention over the last few decades due to
their applications in various felds, including physics,
chemistry, engineering, and economics. Sequential frac-
tional derivatives are a type of fractional derivative that
involves the application of the fractional diferentiation
operator multiple times in sequence. In other words, the
output of the frst fractional diferentiation operator be-
comes the input to the next fractional diferentiation op-
erator. Te sequential fractional derivative provides a more
accurate description of complex systems, such as biological
systems, exhibiting nonlocal and non-Markovian behavior.
It also captures long-term memory efects that are not
captured by integer-order derivatives. Tis makes it useful
for modeling systems with long-term dependencies.
Moreover, it is more fexible than other kinds of derivatives
because it allows for a continuous range of fractional values,
enabling a more precise modeling of systems with complex
behavior. Sequential fractional derivatives have been suc-
cessfully used in a wide range of applications, including
control theory, signal processing, and image processing.
Tey have been studied extensively in recent years due to

their potential applications in various areas of science and
engineering. For example, they have been used to model
anomalous difusion phenomena in complex systems such as
porous media, fractal structures, and biological tissues. Tey
have also been used in the analysis of viscoelastic materials
and in the design of control systems.

Several numerical methods have been proposed for the
approximation of sequential fractional derivatives. One
common approach is to use the recursive formula to
compute the derivatives in sequence. Another approach is to
use the fractional integration operator to convert the se-
quential fractional derivative into a single fractional de-
rivative, which can then be approximated using existing
numerical methods for fractional derivatives. Overall, se-
quential fractional derivatives are a powerful tool for
modeling and analyzing complex systems, and their study is
an active area of research in the feld of fractional calculus.

In [1], Yang introduces the concept of sequential frac-
tional derivatives and discusses their properties and appli-
cations. Te author provides some examples to illustrate the
use of sequential fractional diferential equations in mod-
eling complex systems. In [2], the authors study the solutions
of sequential fractional diferential equations and provide
numerical examples to illustrate their results. Tey also

Hindawi
Journal of Mathematics
Volume 2023, Article ID 5888010, 16 pages
https://doi.org/10.1155/2023/5888010

https://orcid.org/0000-0003-4225-8870
https://orcid.org/0000-0001-7737-1297
https://orcid.org/0000-0001-9588-8599
https://orcid.org/0000-0002-4471-3964
mailto:zailansiri@um.edu.my
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2023/5888010


introduce a new approach for solving sequential fractional
diferential equations using the fractional Laplace transform.
Torres [3] introduces the concept of sequential fractional
variational calculus, which is an extension of the standard
fractional variational calculus to include sequential frac-
tional derivatives. Te author discusses the properties of
sequential fractional variational calculus and provides some
examples to illustrate its applications.

Te operational matrix method is a popular numerical
technique for solving FPDEs. In [4], the authors developed
a new approach for solving two-dimensional FPDEs using
a combination of the operational matrix method and the
Galerkin method. Te proposed approach was applied to
a range of problems, including the fractional difusion
equation. Te numerical results demonstrated the efciency
and accuracy of the method.

Another study by Yousef and Delavari [5] focused on
the application of the operational matrix method to solve
a class of nonlinear FPDEs. Te authors developed a new
technique that combines the operational matrix method
with the Newton–Raphson method to solve a variety of
nonlinear FPDEs. In [6], the authors developed a new ap-
proach for solving time-fractional difusion equations using
a combination of the operational matrix method and the Tau
method. Te proposed approach was applied to several
problems, including the time-fractional difusion equation
with a space-dependent coefcient. Moreover, Hesameddini
et al. [7] proposed a new numerical technique based on the
operational matrix method to solve multiterm time-
fractional partial diferential equations. Te authors ap-
plied the proposed method to a variety of problems, in-
cluding the multiterm time-fractional difusion equation
and the multiterm time-fractional wave equation.

Finally, in [8], a numerical technique based on the
operational matrix method was developed to solve the time-
fractional difusion equation in two dimensions.Te authors
used the proposed method to solve several problems, in-
cluding the time-fractional difusion equation with a space-
dependent coefcient. In [9], the authors developed a new
numerical technique based on the operational matrix
method to solve the time-fractional advection-difusion
equation. Te proposed method was shown to be accurate
and efcient for solving this type of equation. In [10], the
authors proposed a new approach based on the operational
matrix method to solve the space-time fractional difusion
equation. Te proposed method was compared with several
other numerical methods, and the results showed that it is
accurate and efcient. In [11], the authors developed a new
numerical technique based on the operational matrix
method to solve the multiterm time-fractional difusion
equation. Te proposed method was shown to be accurate
and efcient, outperforming several other numerical
methods. In [12], the authors developed a new numerical
technique based on the operational matrix method to solve
the fractional telegraph equation. Te proposed method was
shown to be accurate and efcient and was compared with
several other numerical methods. In [13], the authors de-
veloped a new approach based on the operational matrix
method to solve the fractional difusion equation with

a space-dependent coefcient. Several researchers have in-
vestigated the applications of fractional derivatives and
developed numerical methods for solving such applications.
In [14], extended fractional dynamical systems are studied,
while [15] focuses on multispace fractional Korteweg–de
Vries Equations. Te chaotic Lorenz system is solved using
wavelet polynomials in [16], and [17] addresses the solution
of delay diferential equations. In [18, 19], the collocation
method and series method are employed to solve fractional
initial value problems (IVPs), respectively. However, [20]
presents an iterative method developed for solving such
problems. Te operational matrix method is used to solve
systems of fractional IVPs in [21]. Te existence and
uniqueness of fractional problems are examined in [22].

In this article, we compare and contrast the sequential
Caputo derivative and the Caputo derivative. We extend
these concepts to solve a class of homogeneous fractional
wave equations with constant coefcients. We derive the
analytical solution for a specifc case of a homogeneous
second-order fractional equation with constant coefcients.
We provide evidence to support our fndings and present
two practical illustrations of their application.

Additionally, we address a diferent category of non-
homogeneous fractional wave equations with variable co-
efcients. Since fnding exact solutions for these problems is
challenging and sometimes not feasible, we employ a nu-
merical technique for approximate solutions. Te opera-
tional matrix method serves as the foundation for this
approach. We derive the operational matrices to integrate
the equations into a unifed system. Tis method ofers
advantages such as low equation setup costs and avoids the
need for projection methods like Galerkin or collocation.

To validate the efectiveness of this approach, we provide
two examples for experimental testing. Te results dem-
onstrate a close match between the exact and approximation
solutions, as observed in the graphs. Furthermore, the
L2-errors for various values of t are nearly zero, indicating
the accuracy of the method.

For solving fractional partial diferential equations, the
operational matrix method has several advantages. Te
operational matrix method is an easy-to-understand tech-
nique for solving diferential equations. It transforms the
task of solving a diferential equation into solving a set of
algebraic equations, which can be efciently and accurately
solved using numerical methods. It is highly efcient as it
avoids directly solving the diferential equation and sim-
plifes the problem into solving a system of algebraic
equations.

Moreover, the operational matrix method provides
precise solutions for a wide range of problems. It is fexible
and can be applied to various types of diferential equations,
making it suitable for diverse applications. Additionally, the
operational matrix method can be combined with other
numerical methods to enhance its capabilities and address
specifc requirements.

Furthermore, the operational matrix method has
a strong theoretical foundation, with well-established
principles and extensive research support. Tis solid theo-
retical basis makes the operational matrix method a popular
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choice in scientifc and engineering applications. Its sim-
plicity, efciency, and accuracy contribute to its widespread
use in various felds. All of the aforementioned advantages
motivate us to study and investigate the solution to this
problem.

Tis research paper is divided into six sections. In
sections one and two, we provide a brief literature review of
fractional wave equations and the operational matrix
method. Ten, we present some defnitions and results
necessary for this paper. In section three, we provide a de-
tailed description of the exact solution for special types of
fractional problems. We fnd the fundamental set of solu-
tions in the closed form for a class of fractional wave
equations. In section four, we derive the numerical

technique used to solve a class of nonhomogeneous wave
equations. Proofs of our results are given in sections three
and four. Several examples are provided in section fve to
demonstrate the efciency of the proposed method. Finally,
we summarize the main fndings of this study and draw
conclusions in section six.

2. Basic Definitions and Results

Now, let’s begin with the defnition of the Caputo derivative
and the fractional integral operator.

Defnition 1 (see [23]). Let L ∈ N and p> 0. Defne the
spaces Cp and CL

p as

Cp � w: (0,∞)⟶ R: w(x) � x
j
w1(x), w1 ∈ C[0,∞), j>p􏽮 􏽯,

C
L
p � w: (0,∞)⟶ R: w

(L) ∈ Cp􏽮 􏽯.
(1)

If L − 1<p< L, t> 0, w ∈ CL
−1, then the Caputo de-

rivative is given by

c
D

p
w(z) �

1
Γ(L − p)

􏽚
z

0
(z − r)

n−p−1
w

(n)
(r)dr, (2)

where Γ is the Gamma function, and the fractional integral
operator is defned by

I
p
w(z) �

1
Γ(p)

􏽚
z

0
(z − r)

p−1
w(r)dr, (3)

where L − 1<p< L and L ∈ N.

Te frst important rule is the power rule, which is given
by

c
D

p
z

q
�

0, q<p, q ∈ 0, 1, 2, · · ·{ }

Γ(q + 1)

Γ(q − p + 1)
z

q− p
, otherwise

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

.

(4)

Te composites of the Caputo derivative and fractional
integral operator are given by the following relations:

c
D

p
I

p
w(z) � w(z),

I
p c

D
p
w(z)( 􏼁 � w(z) − w(0).

(5)

If (1/2)< q≤ 1 and L ∈ N, the power rule implies that

c
D

2p
z

p
�
Γ(p + 1)

Γ(2p − p + 1)
z

p− 2p

�
Γ(p + 1)

Γ(1 − p)
z

− p
.

(6)

However,

c
D

p c
D

p
z

p
( 􏼁 �

c
D

p Γ(p + 1)

Γ(1)
􏼠 􏼡

� 0.

(7)

From equations (6) and (7), one can see that
c
D

2p
w(z)≠ c

D
p c

D
p
w(z)( 􏼁, (8)

in general. In this case, we say that the Caputo derivative is
not sequential. Te formal defnition of the sequential
Caputo derivative is given as follows.

Defnition 2 (see [24]). If L − 1<Lp< L and

c
D

Lp
w(z) �

c
D

p c
D

(L− 1)p
w(z)􏼐 􏼑, (9)

for L ∈ 2, 3, . . .{ }, then the Caputo derivative is called the
sequential Caputo derivative of order p. In this case, we use
the following notation scDLpw(z).

Tis property is an important property, and it will afect
the solution of the fractional wave equations. Before we go
further in this paper, we need the following result.

Theorem 3. Let Ep(z) � 􏽐
∞
j�0(zj/Γ(jp + 1)) be the

Mittag–Lefer function. If 0<p< 1 and μ be any constant,
then

c
D

2p
Ep μz

p
( 􏼁≠ μ2Ep μz

p
( 􏼁, (10)

while
sc

D
2p

Ep μz
p

( 􏼁 � μ2Ep μz
p

( 􏼁. (11)

Proof. Formula (10) follows directly from equation (6).
Now,
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sc
D

2p
Ep μz

p
( 􏼁≠ sc

D
2p

􏽘

∞

j�0

μj
z

pj

Γ(jp + 1)
⎛⎝ ⎞⎠

� 􏽘
∞

j�2

μj
z

p(j− 2)

Γ((j − 2)p + 1)

� μ2 􏽘

∞

j�0

μj
z

pj

Γ(jp + 1)

� μ2Ep μz
p

( 􏼁.

(12)

□

For more details about fractional derivatives and their
properties, we refer the reader to the following references. In
[23], the properties of fractional derivatives and some of
their applications are discussed. Additionally, Podlubny [25]
provides a theoretical discussion on fractional calculus. In
[24], the authors compare sequential and nonsequential
fractional derivatives. From now on, we use the following
notation Dp to mean scDp.

We study the exact and numerical solutions of the
following class of fractional wave equations in this article

D
2p
t ](x, t) + α(t)D

p
t ](x, t) + β(t)](x, t)

� κ(x)]xx(x, t) + h(x, t),
(13)

with

](0, t) � ](η, t)

� 0, t≥ 0,
(14)

](x, 0) � y(x),

D
p
t ](x, 0) � 0, 0≤x≤ η,

(15)

where α(t) and β(t) are continuous functions in [0,∞),
(1/2)<p≤ 1, y ∈ C3[0, η], h ∈ C ([0, η]× [0,∞)), and
κ ∈ C[0, η].

3. Homogeneous Fractional Wave
Equation with Constant Coefficients

In this section, we investigate the exact solution of the
following special case of problems (13)-(14)

D
2p
t ](x, t) + αD

p
t ](x, t) + β](x, t) � ]xx(x, t), (16)

with

](0, t) � ](η, t)

� 0, t≥ 0,
(17)

where α and β are real constants. Now, we start with the frst
result which is given by the following theorem.

Theorem  . Let (1/2)<p≤ 1. If Ep,p(z) � 􏽐
∞
j�0(zj/Γ(jp+

p)) be the generalized Mittag–Lefer function, then

u(t) � t
p
Ep,p μt

p
( 􏼁, (18)

is a solution to the following fractional problem

D
2p

u(t) + αD
p
u(t) + βu(t) � 0, (19)

when α2 � 4β and μ � (−α/2).

Proof. Using the fact Γ(z + 1) � zΓ(z) and equation (4), we
get

D
p

t
p
Ep,p μt

p
( 􏼁􏼐 􏼑 � D

p
􏽘

∞

j�0

μj
t
(j+1)p

Γ(jp + p)
⎛⎝ ⎞⎠

� 􏽘
∞

j�0

μjΓ(jp + p + 1)t
jp

Γ(jp + 1)Γ(jp + p)

� 􏽘
∞

j�0

μj
p(j + 1)t

jp

Γ(jp + 1)
,

D
2p

t
p
Ep,p μt

p
( 􏼁􏼐 􏼑 � D

p
􏽘

∞

j�0

μj
p(j + 1)t

jp

Γ(jp + 1)
⎛⎝ ⎞⎠

� 􏽘
∞

j�1

μj
p(j + 1)t

(j− 1)p

Γ((j − 1)p + 1)

� 􏽘
∞

j�0

μj+1
p(j + 2)t

jp

Γ(jp + 1)
.

(20)

Ten,

D
2p

u(t) + αD
p
u(t) + βu(t) � 􏽘

∞

j�0

μj+1
p(j + 2)t

jp

Γ(jp + 1)
+ α􏽘
∞

j�0

μj
p(j + 1)t

jp

Γ(jp + 1)
+ β􏽘
∞

j�0

μj
t
(j+1)p

Γ(jp + p)
, (21)

which can be written as

D
2p

u(t) + αD
p
u(t) + βu(t) � 􏽘

∞

j�0

μj+1
p(j + 2)t

jp

Γ(jp + 1)
+ α􏽘

∞

j�0

μj
p(j + 1)t

jp

Γ(jp + 1)
+ β􏽘

∞

j�1

μj−1
t
jp

Γ(jp)
. (22)
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For j � 1, 2, . . ., the coefcient of tjp is simplifed as

μj+1
p(j + 2)

Γ(jp + 1)
+ α

μj
p(j + 1)

Γ(jp + 1)
+ β

μj− 1

Γ(jp)
�
μj+1

(j + 2)

jΓ(jp)
+ α

μj
(j + 1)

jΓ(jp)
+ β

μj− 1

Γ(jp)

� μj− 1μ
2
(j + 2) + αμ(j + 1) + βj

jΓ(jp)

� jμj− 1μ
2

+ αμ + β
Γ(jp)

+ μj− 12μ
2

+ αμ
jΓ(jp)

� 0.

(23)

Since μ2 + αμ + β � 0 and μ � (−α/2). For j � 0, we have

2pμ + pα � p(2μ + α)

� 0,
(24)

Terefore,

D
2p

t
p
Ep,p μt

p
( 􏼁􏼐 􏼑 + αD

p
t
p
Ep,p μt

p
( 􏼁􏼐 􏼑

+ βt
p
Ep,p μt

p
( 􏼁 � 0,

(25)

which completes the proof. □

Theorem 5. Let α≠ 0 and β be two constants and
(1/2)<p≤ 1. Ten, the exact solution of the following frac-
tional diferential equation:

D
2p

u(t) + αD
p
u(t) + βu(t) � 0, (26)

is given by

u(t) �

c1Ep μ1t
p

( 􏼁 + c2Ep μ2t
p

( 􏼁, α2 ≠ 4β,

c1Ep

−α
2

t
p

􏼒 􏼓 + c2t
p
Ep,p

−α
2

t
p

􏼒 􏼓, α2 � 4β,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(27)

where

μ1 �
−α +

������

α2 − 4β
􏽱

2
,

μ2 �
−α −

������

α2 − 4β
􏽱

2
.

(28)

Proof. We divided the proof into two cases. In the frst case,
we assume that α2 ≠ 4β. Ten, simple calculations imply that

μ21 + αμ1 + β􏼐 􏼑 � 0,

μ22 + αμ2 + β􏼐 􏼑 � 0,
(29)

which yield using equation (11) to the following equations:

D
2p

Ep μ1t
p

( 􏼁 + αD
p
Ep μ1t

p
( 􏼁 + βEp μ1t

p
( 􏼁 � μ21 + αμ1 + β􏼐 􏼑Ep μ1t

p
( 􏼁

� 0,

D
2p

Ep μ2t
p

( 􏼁 + αD
p
Ep μ2t

p
( 􏼁 + βEp μ2t

p
( 􏼁 � μ22 + αμ2 + β􏼐 􏼑Ep μ2t

p
( 􏼁

� 0.

(30)

Tus, Ep(μ1tp) and Ep(μ2tp) are solutions to equation
(26). Now, we want to show that they are linearly independent.
To show that, we set c1Ep(μ1tp) + c2Ep(μ2tp) � 0. Ten,

c1Ep μ1t
p

( 􏼁 + c2Ep μ2t
p

( 􏼁 � 􏽘
∞

j�0
c1μ

j
1 + c2μ

j
2􏼐 􏼑t

jp

� 0,

(31)
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which implies that

c1μ
j
1 + c2μ

j
2 � 0, j � 0, 1, 2, · · · . (32)

For j � 0 and 1, we get

1 1

μ1 μ2
􏼠 􏼡

c1

c2
􏼠 􏼡 �

0

0
􏼠 􏼡. (33)

Since

det
1 1

μ1 μ2
􏼠 􏼡 � μ2 − μ1 ≠ 0, (34)

then c1 � c2 � 0. Tus, Ep(μ1tp) and Ep(μ2tp) are linearly
independent. Now, we consider the case when α2 � 4β.
Ten, using Teorem 4, we have

D
2p

Ep

−α
2

t
p

􏼒 􏼓 + αD
p
Ep

−α
2

t
p

􏼒 􏼓 + βEp

−α
2

t
p

􏼒 􏼓 �
α2

4
−
α2

2
+ β􏼠 􏼡Ep

−α
2

t
p

􏼒 􏼓 � 0,

D
2p

t
p
Ep,p

−α
2

t
p

􏼒 􏼓 + αD
p
t
p
Ep,p

−α
2

t
p

􏼒 􏼓 + βt
p
Ep,p

−α
2

t
p

􏼒 􏼓 � 0.

(35)

Ten, Ep((−α/2)tp) and tpEp,p((−α/2)tp) are solutions
to the problem (26). Now, let

c1Ep

−α
2

t
p

􏼒 􏼓 + c2t
p
Ep,p

−α
2

t
p

􏼒 􏼓 � 0. (36)

When t � 0, direct substitution in equation (36) implies
that c1 � 0. When t � 1, we will get c2Ep,p(−α/2) � 0 which
implies that c2 � 0. Tis completes the proof of the
theorem. □

Now, we discuss the solution of problems (16)-(17) in the
following theorem.

Theorem 6. Let α≠ 0 and β be two constants, (1/2)<p≤ 1.
Ten, the exact solution of the following fractional problem

D
2p
t ](x, t) + αD

p
t ](x, t) + β](x, t) � ]xx(x, t), (37)

with

](0, t) � ](η, t)

� 0, t≥ 0,
(38)

is given as

](x, t) � 􏽘
∞

j�1
uj(t) sin

jπ
η

x􏼠 􏼡, (39)

where

uj(t) �

ajEp μ1t
p

( 􏼁 + bjEp μ2t
p

( 􏼁, α2 ≠ 4 β + λj􏼐 􏼑,

ajEp

−α
2

t
p

􏼒 􏼓 + bjt
p
Ep,p

−α
2

t
p

􏼒 􏼓, α2 � 4 β + λj􏼐 􏼑,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

μ1 �
−α +

�����������
α2 − 4β − 4λj

􏽱

2
,

μ2 �
−α −

�����������
α2 − 4β − 4λj

􏽱

2
,

λj � −
j
2π2

η2
, j ∈ N.

(40)

Proof. We use the separation of variables technique. Let

](x, t) � u(t)v(x). (41)

Ten, substitute equation (39) into equation (37) to get

v
″
(x) � λv(x),

v(0) � v(η)

� 0,

(42)

D
2p
t u(t) + αD

p
t u(t) +(β − λ)u(t) � 0. (43)
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Equation (42) is an eigenvalue problem, and its eigen-
values and eigenfunctions are given as

vj(x) � sin
jπ
η

x􏼠 􏼡,

λj � −
j
2π2

η2
, j ∈ N.

(44)

Teorem 5 implies that the solution of equation (43) is
given as

uj(t) �

ajEp μ1t
p

( 􏼁 + bjEp μ2t
p

( 􏼁, α2 ≠ 4 β + λj􏼐 􏼑,

ajEp

−α
2

t
p

􏼒 􏼓 + bjt
p
Ep,p

−α
2

t
p

􏼒 􏼓, α2 � 4 β + λj􏼐 􏼑,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(45)

where

μ1 �
−α +

�����������
α2 − 4β − 4λj

􏽱

2
,

μ2 �
−α −

�����������
α2 − 4β − 4λj

􏽱

2
, j ∈ N.

(46)

Terefore, the solution of problems (37)-(38) is

](x, t) � 􏽘
∞

j�1
uj(t)vj(x). (47)

If we have initial conditions, we can use the Fourier
series expansion to fnd aj and bj for j ∈ N. □

4. Nonhomogeneous Fractional Wave Equation

In this section, we introduce a numerical technique for
solving problems (13)–(15) with α(t) � 1 and κ(x) � 1. Te
proposed numerical approach is based on the operational
matrix method (OMM). Since the functions involved are
two-dimensional, we defne the two-dimensional block
pulse functions (BPFs).

Defnition 7. Let ξ1 � (η/L1) and ξ2 � (Tmax/L2) be two
step-sizes where L1, L2 ∈ N. Let xi � iξ1 and tj � jξ2 for
i ∈ IL1

� 0, 1, · · · , L1 − 1􏼈 􏼉 and j ∈ IL2
� 0, 1, · · · , L2 − 1􏼈 􏼉.

For any i ∈ IL1
and j ∈ IL2

, the two-dimensional BPF is given
by Ξi,j: [0, η) × [0, Tmax)⟶ R where

Ξi,j(x, t) �
1, x ∈ xi, xi+1􏼂 􏼁, t ∈ tj, tj+1􏽨 􏼑,

0, otherwise.

⎧⎨

⎩ (48)

Since [xi1
, xi1+1) × [tj1

, tj1+1) and [xi2
, xi2+1) × [tj2

, tj2+1)
are disjoint sets, then simple calculations imply the following
two properties of BPFs

Ξi1 ,j1
(x, t)Ξi2 ,j2

(x, t) �
Ξi1 ,j1

(x, t), i1 � i2, j1 � j2,

0, otherwise,
􏼨 (49)

􏽚
η

0
􏽚

Tmax

0
Ξi1 ,j1

(x, t)Ξi2 ,j2
(x, t)dt dx �

ξ1ξ2, i1 � i2, j1 � j2,

0, otherwise.
􏼨 (50)

Tese two properties imply the result of this theorem.

Theorem 8. Let ]: [0, η) × [0, Tmax)⟶ R be a square-
integrable bounded function. Ten,

](x, t) ≈ 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jΞi,j(x, t), (51)

where

]i,j �
1

ξ1ξ2
􏽚

xi+1

xi

􏽚
tj+1

tj

](x, t)dt dx. (52)

Proof. Multiply both sides of equation (51) by Ξi,j(x, t) and
integrate on the domain [0, η)× [0, Tmax).Ten, the result of the
theorem will follow directly from equations (49) and (50). □

One can see that Ξi,j(x, t) can be written as a product of
two BPFs as follows:

Ξi,j(x, t) � φi(x)ψj(t), (53)

where φi(x), i � 0, 1, · · · , L1 − 1􏼈 􏼉 and ψj(t), j � 0, 1, . . . ,􏽮

L2 − 1} are BPFs on [0, η) and [0, Tmax), respectively. In this
case, we can approximate the functions ](x, t), β(t), h(x, t),
and y(x) as

](x, t) ≈ 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)ψj(t), (54)

h(x, t) ≈ 􏽘

L1−1

i�0
􏽘

L2−1

j�0
hi,jφi(x)ψj(t), (55)
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β(t) ≈ 􏽘

L2−1

j�0
βjψj(t),

y(x) ≈ 􏽘

L1−1

i�0
yiφi(x).

(56)

Ten, using equation (54), we get

D
2p
t ](x, t) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)D

2p
t ψj(t), (57)

D
p
t ](x, t) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)D

p
t ψj(t). (58)

Also, equation (49) implies that

β(t)](x, t) � 􏽘

L2−1

j�0
βjψj(t)⎛⎝ ⎞⎠ 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)ψj(t)⎛⎝ ⎞⎠

� 􏽘

L1−1

i�0
􏽘

L2−1

j�0
βj]i,jφi(x)ψj(t).

(59)

From equations (54)-(55) and (57)–(59), we have

􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)D

2p
t ψj(t) + 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)D

p
t ψj(t),

􏽘

L1−1

i�0
􏽘

L2−1

j�0
βj]i,jφi(x)ψj(t) � ]xx(x, t) + 􏽘

L1−1

i�0
􏽘

L2−1

j�0
hi,jφi(x)ψj(t).

(60)

To rewrite equation (60) in the matrix form, we defne
the following matrices:

Φ �

φ0(x)

φ1(x)

⋮

φL1−1(x)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

V �

]00 ]01 . . . ]0 L2−1( )

]10 ]11 . . . ]1 L2−1( )

⋮ ⋮ ⋱ ⋮

] L1−1( )0 ] L1−1( )1 . . . ] L1−1( ) L2−1( )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

Ψ �

ψ0(t)

ψ1(t)

⋮

ψL2−1(t)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

B �

β0 0 . . . 0

0 β1 . . . 0

⋮ ⋮ ⋱ ⋮

0 0 . . . βL2−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

Y �

y0

y1

⋮

yL1−1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

H �

h00 h01 . . . h0 L2−1( )

h10 h11 . . . h1 L2−1( )

⋮ ⋮ ⋱ ⋮

h L1−1( )0 h L1−1( )1 . . . h L1−1( ) L2−1( )

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (61)

Ten, equation (60) becomes

Φ∗(x)VD
2p
t Ψ(t) +Φ∗(x)VD

p
t Ψ(t) +Φ∗(x)VBΨ(t)

� ]xx(x, t) +Φ∗(x)HΨ(t),

(62)

where ∗mean transpose of the matrix. From equations (54)
and (58), we get

D
p
t ](x, 0) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)D

p
t ψj(0)

� Φ∗(x)VD
p
t Ψ(0)

� 0,

](x, 0) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(x)ψj(0)

� Φ∗(x)VΨ(0)

� Φ∗(x)Y,

(63)

which imply that

VD
p
t Ψ(0) � 0, (64)
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and

VΨ(0) � Y. (65)

Now, we need the operational integration matrix for the
Riemann integral.

Theorem 9. Te operational matrix of the Riemann integral
IxΦ(x) is

RI� ξ1/2( )

1 2 2 · · · 2 2

0 1 2 · · · 2 2

0 0 1 ⋱ 2 2

⋮ ⋮ ⋮ ⋱ ⋱ ⋮

0 0 0 · · · 1 2

0 0 0 · · · 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (66)

Proof. For any s ∈ 0, 1, . . . , L1 − 1􏼈 􏼉, simple calculations
imply that

Ixφs(x) � 􏽚
x

0
φs(v)dv

�

0, x< sξ1,

x − sξ1, sξ1 ≤x<(s + 1)ξ1,

ξ1, (s + 1)ξ1 ≤x< η.

⎧⎪⎪⎨

⎪⎪⎩

(67)

Terefore,

Ixφs(x) � 􏽘

L1−1

j�0
zj,sφj(x), (68)

implies that

zj,s �
1
ξ1

􏽚
η

0
Ixφs(v)( 􏼁φj(v)dv

�
1
ξ2

􏽚
(j+1)ξ2

jξ2
Ixφs(v)( 􏼁dv

�

ξ1
2

, 0≤ j � s≤ L1 − 1,

ξ1, 0≤ j< s≤L1 − 1,

0, 0≤ s< j≤L1 − 1,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(69)

which gives the result of the theorem. □

Note that IxΦ∗(x) � Φ∗(x)R∗I . Using equations (62)
and (66) and by taking the Riemann integral, we get

Φ∗(x)R
∗
I VD

2p
t Ψ(t) +Φ∗(x)R

∗
I VD

p
t Ψ(t) +Φ∗(x)R

∗
I VBΨ(t) � ]x(x, t) − ]x(0, t) +Φ∗(x)R

∗
I HΨ(t). (70)

Let ]x(0, t) � q(t). Ten, we can rewrite it as

q(t) � 􏽘

L2−1

i�0
qiψi(t). (71)

Since

􏽘

L1−1

j�0
φj(x) � 1, (72)

then

q(t) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
qjφi(x)ψi(t) � Φ∗(x)QΨ(t), (73)

where

Q �

q1 q2 . . . qL2

q1 q2 . . . qL2

⋮ ⋮ ⋱ ⋮

q1 q2 . . . qL2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (74)

Ten,

Φ∗(x)R
∗
I VD

2p
t Ψ(t) +Φ∗(x)R

∗
I VD

p
t Ψ(t) +Φ∗(x)R

∗
I VBΨ(t) � ]x(x, t) −Φ∗(x)QΨ(t) +Φ∗(x)R

∗
I HΨ(t). (75)

Using the condition ](0, t) � 0 and by taking the Rie-
mann integral one more time, we get

Φ∗(x)R
∗
I R
∗
I VD

2p
t Ψ(t) +Φ∗(x)R

∗
I R
∗
I VD

p
t Ψ(t) +Φ∗(x)R

∗
I R
∗
I VBΨ(t)

� Φ∗(x)VΨ(t) −Φ∗(x)R
∗
I QΨ(t) +Φ∗(x)R

∗
I R
∗
I HΨ(t).

(76)
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Since φj(x)􏽮 􏽯
L1−1
0 are linearly independent, then

R
∗
I R
∗
I VD

2p
t Ψ(t) + R

∗
I R
∗
I VD

p
t Ψ(t) + R

∗
I R
∗
I VBΨ(t)

� VΨ(t) − R
∗
I QΨ(t) + R

∗
I R
∗
I HΨ(t).

(77)

Now, we need to compute the operational matrix of I
p
t Ψ.

Theorem 10. Te operational matrix of the operator I
p
t Ψ is

AΨ �
ξp
2

Γ(p + 2)

1 r1 r2 · · · rL2−2 rL2−1

0 1 r1 · · · rL2−3 rL2−2

0 0 1 ⋱ rL2−4 rL2−3

⋮ ⋮ ⋮ ⋱ ⋱ ⋮

0 0 0 · · · 1 r1

0 0 0 · · · 0 1

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (78)

where rs � (s + 1)p+1 − 2sp+1 + (s − 1)p+1, s � 1, 2, . . . ,

L2 − 1.

Proof. For any s ∈ 0, 1, . . . , L2 − 1􏼈 􏼉, simple calculations
imply that

I
p
t ψs(t) �

1
Γ(p)

􏽚
t

0
(t − v)

p−1ψs(v)dv

�

0, t< sξ2,

t − sξ2( 􏼁
p

Γ(p + 1)
, sξ2 ≤ t<(s + 1)ξ2,

t − sξ2( 􏼁
p

− t − sξ2 − ξ2( 􏼁
p

Γ(p + 1)
, (s + 1)ξ2 ≤ t<Tmax.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(79)

Terefore,

I
p
t ψs(t) � 􏽘

L2−1

j�0
zj,sψj(t), (80)

implies that

zj,s �
1
ξ2

􏽚
Tmax

0
I

p
t ψs(v)( 􏼁ψj(v)dv

�
1
ξ2

􏽚
(j+1)ξ2

jξ2
I

p
t ψs(v)( 􏼁dv

�

ξp
2

Γ(p + 2)
, 0≤ j � s≤L2 − 1,

ξp
2 (s − j + 1)

p+1
− 2(s − j)

p+1
+(s − j − 1)

p+1
􏼐 􏼑

Γ(p + 2)
, 0≤ j< s≤ L2 − 1,

0, 0≤ s< j≤ L2 − 1.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(81)

Let rs � (s + 1)p+1 − 2sp+1 + (s − 1)p+1, s � 1, 2, . . . , L2
− 1. Ten, we get the result of the theorem. □

Ten, by taking the integral operator I
p
t for both sides of

equation (77), we get

R
∗
I R
∗
I VD

p
t Ψ(t) − R

∗
I R
∗
I VD

p
t Ψ(0) + R

∗
I R
∗
I VΨ(t) − R

∗
I R
∗
I VΨ(0) + R

∗
I R
∗
I VBAΨΨ(t)

� VAΨΨ(t) − R
∗
I QAΨΨ(t) + R

∗
I R
∗
I HAΨΨ(t),

(82)

which can be simplifed using equations (64)-(65) as
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R
∗
I R
∗
I VD

p
t Ψ(t) + R

∗
I R
∗
I VΨ(t) − R

∗
I R
∗
I Y + R

∗
I R
∗
I VBAΨΨ(t)

� VAΨΨ(t) − R
∗
I QAΨΨ(t) + R

∗
I R
∗
I HAΨΨ(t).

(83)

Since

􏽘

L2−1

j�0
ψj(t) � 1, (84)

then

Y � Y 􏽘

L2−1

j�0
ψj(t)

� YOL2
Ψ(t),

(85)

where OL2
is 1 × L2 matrix is given by

OL2
� 1 1 . . . 1( 􏼁. (86)

Hence, equation (83) becomes

R
∗
I R
∗
I VD

p
t Ψ(t) + R

∗
I R
∗
I VΨ(t) − R

∗
I R
∗
I YOL2
Ψ(t) + R

∗
I R
∗
I VBAΨΨ(t)

� VAΨΨ(t) − R
∗
I QAΨΨ(t) + R

∗
I R
∗
I HAΨΨ(t).

(87)

Now, take the integral operator I
p
t for both sides of

equation (87) to get

R
∗
I R
∗
I VΨ(t) − R

∗
I R
∗
I VΨ(0) + R

∗
I R
∗
I VAΨΨ(t)

− R
∗
I R
∗
I YOL2

AΨΨ(t) + R
∗
I R
∗
I VBAΨAΨΨ(t)

� VAΨAΨΨ(t) − R
∗
I QAΨAΨΨ(t) + R

∗
I R
∗
I HAΨAΨΨ(t).

(88)

Using equations (65) and (85), we get

R
∗
I R
∗
I VΨ(t) − R

∗
I R
∗
I YOL2
Ψ(t) + R

∗
I R
∗
I VAΨΨ(t)

− R
∗
I R
∗
I YOL2

AΨΨ(t) + R
∗
I R
∗
I VBAΨAΨΨ(t)

� VAΨAΨΨ(t) − R
∗
I QAΨAΨΨ(t) + R

∗
I R
∗
I HAΨAΨΨ(t).

(89)

Since ψj(t)􏽮 􏽯
L2

0 are linearly independent, then

R
∗
I R
∗
I V − R

∗
I R
∗
I YOL2

+ R
∗
I R
∗
I VAΨ − R

∗
I R
∗
I YOL2

AΨ + R
∗
I R
∗
I VBAΨAΨ

� VAΨAΨ − R
∗
I QAΨAΨ + R

∗
I R
∗
I HAΨAΨ.

(90)

We should note that

](η, t) � 􏽘

L1−1

i�0
􏽘

L2−1

j�0
]i,jφi(η)ψj(t)

� 0,

(91)

which implies that

Φ(η)
∗
V � 0. (92)

Ten, we get the following system of algebraic equations:

R
∗
I R
∗
I V − R

∗
I R
∗
I YOL2

+ R
∗
I R
∗
I VAΨ − R

∗
I R
∗
I YOL2

AΨ + R
∗
I R
∗
I VBAΨAΨ

� VAΨAΨ − R
∗
I QAΨAΨ + R

∗
I R
∗
I HAΨAΨ,

(93)

Φ(η)
∗
V � 0. (94)

It is worth mentioning that the unknowns are the matrix
V of size L1 × L2 and the vector q1 q2 . . . qL2􏼐 􏼑. We use
Mathematica to solve the algebraic system (93)-(94).

5. Numerical Results

First, we solve two examples inTeorems 5 and 6, and then, we
solve two examples of the general case of problems (13)–(15).

Example 11. Consider the following initial value:

D
(3/2)

u(t) + αD
(3/4)

u(t) + βu(t) � 0, (95)

with

u(0) � 1,

D
(3/4)

u(0) � 0.
(96)
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Using equation (28), for α � −5 and β � 4, we have

μ1 �
−α +

������

α2 − 4β
􏽱

2

� 4,

μ2 �
−α −

������

α2 − 4β
􏽱

2

� 1.

(97)

Tus,

u(t) � c1E(3/4) 4t
(3/4)

􏼐 􏼑 + c2E(3/4) t
(3/4)

􏼐 􏼑. (98)

Using the initial conditions in equation (96) and the fact
that DpEp(μtp) � μEp(μtp), we have

c1 + c2 � 1,

4c1 + c2 � 0.
(99)

Tus, c1 � (−1/3) and c2 � (4/3) which imply that

u(t) �
−1
3

E(3/4) 4t
(3/4)

􏼐 􏼑 +
4
3
E(3/4) t

(3/4)
􏼐 􏼑. (100)

If we chooseα � β � 4, then

μ1 �
−α +

������

α2 − 4β
􏽱

2

� −2,

μ2 �
−α −

������

α2 − 4β
􏽱

2

� −2,

(101)

which imply that

u(t) � c1E(3/4) −2t
(3/4)

􏼐 􏼑 + c2t
(3/4)

E(3/4),(3/4) −2t
(3/4)

􏼐 􏼑.

(102)

Te initial conditions give the following system:

c1 � 1,

−2c1 +
3
4

� 0.

(103)

Tus, c1 � 1 and c2 � (8/3). Hence, the solution of
problems (95)-(96) is

u(t) � E(3/4) −2t
(3/4)

􏼐 􏼑 +
8
3
t
(3/4)

E(3/4),(3/4) −2t
(3/4)

􏼐 􏼑.

(104)

Example 12. Consider the following boundary value
problem

D
(3/2)](x, t) − 5αD

(3/4)](x, t) + 4β](x, t) � ]xx(x, t),

(105)

with

](0, t) � ](1, t)

� 0.
(106)

Using equation (44), we have

vj(x) � sin(jπ),

λj � −j
2π2, j ∈ N.

(107)

Tus,

μ1,j �
−α +

�����������
α2 − 4β − 4λj

􏽱

2
�
5 +

��������

9 + 4j
2π2

􏽱

2
,

μ2,j �
−α −

�����������
α2 − 4β − 4λj

􏽱

2
�
5 −

��������

9 + 4j
2π2

􏽱

2
.

(108)

Tus,

uj(t) � ajE3
4

5 +

��������

9 + 4j
2π2

􏽱

2
t

3
4⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠

+ c2E3
4

5 −

��������

9 + 4j
2π2

􏽱

2
t

3
4⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠.

(109)

Hence,

](x, t) � 􏽘
∞

j�0
vj(x)uj(t)

� 􏽘
∞

j�0
ajE3

4

5 +

��������

9 + 4j
2π2

􏽱

2
t

3
4⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠ + c2E3

4

5 −

��������

9 + 4j
2π2

􏽱

2
t

3
4⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠⎛⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎠sin(jπ).

(110)
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Now, we study the solution of problems (13)–(15) using
the OMM numerically.

Example 13. Consider the following problem:

D
1.6
t ](x, t) + D

0.8
t ](x, t) + t

0.8](x, t) � ]xx(x, t) + h(x, t), (111)

](0, t) � ](1, t) � 0, t≥ 0, (112)

](x, 0) � x
2

− x, D
0.8
t ](x, 0) � 0, 0≤x≤ 1, (113)

where

h(x, t) � (x − 1)x t
2.4

+ t
0.8

+
t
0.8Γ(13/5)

Γ(9/5)
+ Γ

13
5

􏼒 􏼓􏼠 􏼡 − 2 t
1.6

+ 1􏼐 􏼑. (114)

Ten, the exact solution of problems (111)–(113) is

](x, t) � x(x − 1) t
1.6

+ 1􏼐 􏼑. (115)

Let the L2-error with respect to x is defned by

ϵ(t) �

�����������������������

􏽚
1

0
](x, t) − ]40,40(x, t)􏼐 􏼑

2
dx

􏽳

. (116)

Ten, the error for diferent values of t is reported in
Table 1. In this example, we use L1 � L2 � 40.Te graph of the
exact and approximate solutions for t � 0.3j, j � 0, 1, . . . , 5 is
given in Figure 1. Note that the exact solution in Figure 1 is
given as a solid line while the approximate solution is as dots.
Also, the graph of the exact and approximate solutions on the
domain [0, 1] × [0, 1.5] is given in Figure 2.

Example 14. Consider the following problem:

D
3/2
t ](x, t) + D

3/4
t ](x, t) + t

3](x, t) � ]xx(x, t) + h(x, t),

](0, t) � ](1, t) � 0, t≥ 0,

](x, 0) � x
4

− 2x
2

+ x, D
3/4
t ](x, 0) � 0, 0≤x≤ 1,

(117)

where

h(x, t) � t
3
x
4
E3/4(t) − 2t

3
x
2
E3/4(t) + t

3
xE3/4(t) + 2x

4
E3/4(t) − 16x

2
E3/4(t) + 2xE3/4(t)

+ 4E3
4

(t) −
t
15/4

x
4

Γ(7/4)
+
12t

3/4
x
2

Γ(7/4)
+
2t

15/4
x
2

Γ(7/4)
−

t
15/4

x

Γ(7/4)
−

4t
3/4

Γ(7/4)
− x

4
+ 2x

2
− x.

(118)

Ten, the exact solution of problems (111)–(113) is

](x, t) � x
4

− 2x
2

+ x􏼐 􏼑 E3
4

(t) −
t
3/4

Γ(7/4)

⎛⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎠. (119)

Ten, the error for diferent values of t is reported in
Table 2. In this example, we use L1 � L2 � 45. Te graph of

the exact and approximate solutions for
t � 0.3j, j � 0, 1, . . . , 5 is given in Figure 3. Note that the
exact solution in Figure 3 is given as a solid line while the
approximate solution is given as dots. Also, the graph of the
exact and approximate solutions on the domain
[0, 1] × [0, 1.5] is given in Figure 4.

Now, we want to compare our results with [26].

Journal of Mathematics 13



Example 15. Consider the following problem:
D

2p
t ](x, t) � ]xx(x, t) + h(x, t),

](0, t) � ](1, t) � 0, t≥ 0,

](x, 0) � 0, Dt](x, 0) � −sin(πx), 0≤ x≤ 1,

(120)

where

h(x, t) �
t
1− 2p

(2t + 2p − 3)

Γ(3 − 2p)
+ π2􏼠 􏼡sin(πx). (121)

Ten, the exact solution of problems (111)–(113) is

](x, t) � sin(πx) t
2

− t􏼐 􏼑. (122)

Table 1: Te L2-error for diferent values of t for Example 13.

t ϵ(t)

0 0
0.3 1.11 × 10− 15

0.6 1.35 × 10− 15

0.9 3.28 × 10− 15

1.2 6.09 × 10− 15

1.5 8.73 × 10− 15

0.2 0.4 0.6 0.8 1.0
x

v40, 40 (x, t)

–0.7

–0.6

–0.5

–0.4

–0.3

–0.2

–0.1

t=0.3
t=0.6
t=0.9

t=1.2
t=1.5

Figure 1: Te exact and approximate solutions for
t � 0.3, 0.6, 0.9, 1.2, 1.5 for Example 13.

0.0
0.5

1.0x

0.0
0.5 1.0 1.5t

–0.6

–0.4

–0.2

0.0

exact soln.

approx. soln.

Figure 2: Te exact and approximate solutions for Example 13.

Table 2: Te L2-error for diferent values of t for Example 14.

t ϵ(t)

0 0
0.3 2.31 × 10− 15

0.6 3.29 × 10− 15

0.9 5.75 × 10− 15

1.2 8.01 × 10− 15

1.5 9.89 × 10− 15

0.2 0.4 0.6 0.8 1.0
x

–0.4

–0.2

0.2

0.4

0.6

v45, 45 (x, t)

t=0.3
t=0.6
t=0.9

t=1.2
t=1.5

Figure 3: Te exact and approximate solutions for
t � 0.3, 0.6, 0.9, 1.2, 1.5 for Example 14.

0.0
0.5

1.0x

0.0 0.5 1.0 1.5
t

0.0

0.5

exact soln.

approx. soln.

Figure 4: Te exact and approximate solutions for Example 14.
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We will compare our results with [26] based on the max-
imum error for diferent values of p. For p � 0.75, we take
∆x � (1/45), � (1/220), and for p � 0.0.85, we take ∆x �

(1/70), � (1/480) for the results in [26]. Tese results are
reported in Table 3.

6. Conclusions

In this article, we discuss the diferences between the se-
quential Caputo derivative and the Caputo derivative. We
generalize this concept to fnd the solution of a class of
homogeneous fractional wave equations with constant co-
efcients. Specifcally, we derive the analytical solution of
a homogeneous second-order fractional equation with
constant coefcients in one variable. We provide evidence to
support our fndings and illustrate their practical application
through two examples.

We then shift our focus to a diferent category of variable
coefcient nonhomogeneous fractional wave equations.
Since fnding exact solutions for these problems can be
challenging or even impossible, we employ a numerical
technique based on the operational matrix method (OMM)
to approximate the solutions. Te OMM allows us to reduce
the fractional order diferential equations to algebraic sys-
tems, ofering benefts such as low equation setup costs and
the absence of projection methods like Galerkin or
collocation.

To validate our approach, we provide two examples and
compare the exact and approximate solutions. Te results
demonstrate the accuracy and efectiveness of our strategy,
as the graphs of the solutions closely match and the L2-errors
are nearly zero for various values of t.

From these examples, we note the following observations:
Example 11 presents the exact solutions of the homoge-

neous second-order fractional equation with constant co-
efcients for diferent choices of α and β based onTeorem 5.
Example 12 provides the exact solution of the homogeneous
fractional wave equation with constant coefcients based on
Teorem 6. Examples 13 and 14 demonstrate the small
L2-errors within O(10− 15), as shown in Tables 1 and 2, re-
spectively. Te approximate solution converges to the exact
solution, as depicted in Figures 1 and 4. Figures 1 and 3 display
the exact and approximate solutions for diferent values of t,
illustrating their coincidence. Te operational matrix method
(OMM) proves to be an efcient tool for solving such problems
and can be generalized to other problems in physics and
engineering. For future work, we plan to extend our study to
investigate other types of problems, including difusion and
Laplacian equations. Additionally, we aim to utilize the se-
quential Caputo derivative to solve systems of fractional dif-
ferential equations with constant coefcients.
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