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Abstract The dynamic behavior of a polymer ball bearing system is mostly dependent on the contact charac-
teristics among the ball and the races of the bearing. Although the well-known Hertz contact theory is widely
used to model contacts in conventional bearings, it cannot be directly applied to polymer bearings due to the
viscoelastic characteristics of the polymer structures. In this study, contacts in the polymer hybrid ball bear-
ing are modeled using elastoplastic characteristics. The contact between inner/outer raceways and the ball is
solved in elastic, elastoplastic, and plastic characteristics regions depending on the polymer structure and the
loads. Then, two-degree of freedom rigid rotor-bearing system is simulated under different rotational speeds
as well as different rotor weights. In order to investigate the nonlinear nature of the dynamic response, results
are analyzed with different methods such as waterfalls, bifurcation diagrams, phase diagrams and Poincaré
sections. The characteristic changes in the contact form elastic to elastoplastic regions are observed as a new
peak in the time history that may lead to chaotic motion. A similar response is also seen when a single ball-race
contact is in the elastoplastic region. The results are helpful to understand the cause and result of contact in a
viscoelastic contact condition.
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List of symbols

A Contact area (m2)
A′ Truncated area (m2)
a′ Radius of the truncated contact area (m)
db Diameter of the ball (m)
dm Pitch diameter (m)
di Inner raceway diameter (m)
do Outer raceway diameter (m)
Di Inner race diameter (m)
Do Outer race diameter (m)
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E1 Elastic modulus of balls (Gpa)
E2 Elastic modulus of raceways (Gpa)
E′ Effective elastic modulus values (Gpa)
Fe Elastic contact force (N)
Fep Elastic–plastic small deformation contact force (N)
F i I. force on ball (N)
g Gravitational acceleration (m/s2)
M Mass of shaft (kg)
n Total number of balls
N Rotational speed (rpm)
Px The unbalanced force along the x-axis direction (N)
Py The unbalanced force along the y-axis direction (N)
Q Nondimensional variable of model
R The radius of the sphere (m)
ri Groove Radius of inner race (m)
ro Groove Radius of outer race (m)
Sy The initial deformed material’s yield stress value (MPa)
ωbp Ball transition frequency (Hz)
ωc Cage’s angular speed (rad/sec)
ωi Inner race angular speed (rad/sec)
ωo Outer race angular speed (rad/sec)
ν1 Poisson ratio of balls
ν2 Poisson ratio of raceways
eu Unbalance eccentricity (m)
w Bearing width (m)
δ Deflection between the sphere and the flat surface (m)
Δt Time step (sec)
x0 Initial condition (m)
γ The angle between two adjacent balls (rad)
∝ Contact angle (degree)

1 Introduction

The use of polymer ball bearings is continuously increasing in the food and pharmaceutical factory processes
due to the corrosion and contamination problems of traditional steel ball bearings. No need for lubrication is
also an important advantage of these bearings. However, load and speed ratings are constraining properties of
the hybrid polymer bearings that needs further development and analysis.

The operating conditions of bearings affect their dynamic characteristics. The bearings are operated in the
elastic region to increase their lifetime. However, in some cases, it may exceed the elastic region. Therefore, the
shaft-bearing system and contact mechanics should be considered when determining the dynamic properties of
bearings. While investigating the dynamic characteristics of the shaft-bearing system, Hertz’s contact theory has
been preferred for conventional bearings. But an elastoplastic contact model is used because of the viscoelastic
structure of polymer bearings instead of Hertz contact theory. The elastoplastic contact is examined in three
regions: elastic, elastoplastic, and fully plastic. The Hertz contact model is still valid in the elastic region,
however, the behavior of the contact must be investigated as fully plastic when the deformations becomes
permanent. The elastoplastic region is the transition regime between fully elastic and fully plastic conditions.
And, the limitations of elastoplastic contact mechanics are determined using various models and methods.
Ghaednia et al. have a good review of studies on this subject [1].

Most published studies in elastic–plastic contact simplify analysis by focusing on contact point between
a flat surface and a sphere [2–11]. The modeling and solving of the contact problem generally use finite
element methods. The analysis of the indentation problem using the FEM was first introduced by Hardy
et al. [12]. They carried out a qualitative analysis of the elastic–plastic indentation, but provided no formulas
for prediction. Sinclair et al. [13] and Sinclair et al. [14] investigated indentation through the use of the
finite element method, and by utilizing an improved meshing strategy, some phenomenological formulations
were found. They contrasted their numerical predictions with experiments [15] and other extant theories,
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including slip-line theories by Ishlinskii [16] and Richmond [17]. Komvopoulos and Ye [18, 19] defined a
nondimensional variable, Q, by fitting phenomenological equations to finite element data for closed-form
models. Komvopolous, and Ye’s model was revised the model introduced by Kogut and Komvopolous [20],
who took into account both the loading and unloading stages. Analytical model verification study in terms of
contact radius in an indentation contact using experimentation and numerical methods was also carried out
by Bartier et al. [21]. A semi-analytical model was recently established by Brake [22] by splitting the contact
problem into three parts. Kharaz et al. [23, 24] validated this model. Brake connected the elastic and fully
plastic phases using a similar technique but different transition functions in a more recent work [25]. Yau et al.
[26] derived elastic and elastoplastic contact models to investigate ball bearing contact behavior, taking into
account the interaction between the ball and the inner race.

The rotor system’s dynamic behaviors are greatly impacted by the rolling bearing, which is frequently
utilized in rotor systems. Three major factors contribute to nonlinearity in rolling bearings: defects, the gap
between inner/outer races, and nonlinear restoring forces on curved surfaces in contact. The nonlinear restoring
force models were developed and applied both numerically and experimentally [27–35]. Nonlinear behaviors of
the rotor-bearing coupling system have been studied by numerous studies [36–40]. The finite element method
is used by Lu et al. [41] to perform bifurcation analysis and dynamic modeling for a rolling bearing-rotor
system. The authors also analyze the effects of the clearance and eccentricity on the vibration behavior using
a lumped parameter model in another study. The bifurcation trajectory was used to analyze the results [42].
Li et al. developed a nonlinear dynamic model based on the structure of the damaged bearing. The impact of
rotational speed and radial load on the nonlinear responsiveness to vibration are examined. Next, the various
vibration behavior are examined when the bearing’s raceways sustain damage. Lastly, a study is done on how
the nonlinear characteristics are affected by the extent of shaft current damage. The findings show that when
the radial load changes, the bearing system exhibits bifurcation, leaps, and chaos [43]. Ambrożkiewicz et al.
derived a dimensionless mathematical model in 2-DOF for ball bearings. This model aids in scaling the issue
and reveals the connections between dimensionless terms and how they affect response of the system’s using
the Hertzian contact theory. The resultant mathematical model takes into account nonlinear parameters such
as radial internal clearance, stiffness, and dumping. A wealth of information on the system’s dynamics may
be found using transforms, phase plots, orbit plots, and recurrences. These tools also made it easier to identify
the point at which the periodic and chaotic responses change [44]. Chang et al. analyzed the thermal coupling
and nonlinear dynamic properties of bearing-rotor systems with the modified incremental harmonic balance
(IHB) approach following the thermal balance [45].

The nonlinear dynamics of the shaft supported by the standard steel ball bearing has been extensively
researched in the literature; however, the dynamic behavior of the hybrid polymer ball bearing-rotor system
has not been thoroughly studied. Moreover, the dynamic of the system examined for elastic contact region, and
the Hertz contact model is sufficient for conventional bearings. However, it is important that the viscoelastic
characteristics of the polymer structure are included in the contact model for the polymer ball bearing. Thus,
the purpose of the study that is being given is to look into how elastoplastic contact affects the rotor’s nonlinear
response when it is supported by a hybrid polymer ball bearing. To evaluate the dynamics of the system,
firstly, we modeled the contact between the ball and raceways considering the elastoplastic characteristics of
the structure, and we formulated the contact forces based on the contact characteristic. Then, we derived the
equations of motion of the system for a 2-DOF rigid rotor-bearing system and developed an algorithm based
on the Runge–Kutta method. Finally, a serial simulation was run with various shaft speeds and weights, and
the system’s bifurcation features were examined to study the effects of the elastoplastic contact on the system’s
dynamic behavior. And the nonlinear behavior of the steady-state responses was discussed on the waterfall
graphs, orbit and spectrum plots, phase portraits, and Poincare section.

2 Mathematical models

Due to the viscoelastic structure of the polymer material that makes up the inner and outer races of the bearing,
the ball-race contact should be analyzed using elastoplastic contact. The kinematics of the polymer bearing,
the shaft-bearing system’s equations utilized to generate the simulations, and the model used for elastoplastic
contact in this study are all detailed in the following sections.
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2.1 Elastic–plastic contact model

The contact model between the ball and raceways is based on a mathematical formulation derived by
Komvopoulos and Ye, considering elastoplastic characteristics. According to this formulation, Komvopoulos
and Ye [18] were identified the contact in four phases: the plastic, elastic–plastic big deformation, elastic–plas-
tic medium deformation, and elastic phases. And using finite element analysis and phenomenological equation
fitting, they created closed-form models. In these models, the nondimensional variable Q could be calculated
from Eq. 1, and the contact characteristics could be determined from range of the Q value.

Q �
(
E ′

Sy

)(
δ

a′

)
(1)

where Sy is the initial deformed material’s yield stress value. δ denotes the deflection between the sphere and
the flat surface, In Eq. 1, a′ is the radius of the truncated contact area that ignores the flat’s pile-up and sink-in
deformations, and it could be computed from Eq. 2. R denotes the radius of the sphere.

a′ �
√
R2 − (R − δ)2 (2)

E’ given in Eq. 1 refers to the effective elastic modulus values of the contacting materials and can be
calculated as shown in Eq. 3.

1

E ′ � 1 − v2
1

E1
+

1 − v2
2

E2
(3)

According to Komvopoulos and Ye model, when the Q is in a range of 0 and 1.78, the contact is in elastic
phase. And, the contact force could be computed from Eq. 4.
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(4)

In Eq. 4, Fe indicates the corresponding elastic contact force. In Eq. 4, A is the real area, and A′ is truncated
area, and they could be given in Eqs. 5 and 6, respectively.

A � A′

2
(5)

A′ � πa′2 (6)

When theQ value is in a range of 1.78 and 21, the contact characteristic is elastic–plastic small deformation,
and Fep could be computed from Eq. 7.

Fep � A(0.7In(Q) + 0.66)Sy (7)

where A could be calculated as following.

A � A′

0.05(InQ)2 − 0.57(InQ) + 2.41
(8)

For the elastic–plastic medium deformation, when the Q value is in a range of 21–400, the contact force
could be given as following, where A is calculated from Eq. 8.

Fep � A(2.9)Sy (9)

Q > 400 elastic–plastic large deformation, and A could be calculated as following.

A � A′

0.71
(10)
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Fig. 1 Total deflection

2.2 Kinematics of the ball bearing

In bearings, force is transmitted by the deformation of the balls. The pressure force causes the balls to deform
into a restricted area when they are in a specific number and position as the shaft rotates. The outer and inner
races of the bearing are loaded when the deformed balls make contact with the raceway. Determining how
deformation occurs in each ball is necessary to calculate the maximum load bearings can support. The quantity
of deflection on each ball is expressed as the total of the deflection that occurs when the balls come into contact
with the inner race (δi) and the deflection that occurs when the balls come into contact with the outer race (δo).
The mathematical formula for the total deflection on the bearing is presented in Eq. 11.

δ � δi + δo (11)

Figure 1 illustrates how the ball deforms as a result of inner and outer race-ball contact as well as the total
of the deformations.

The overall amount of load on the balls and the bearing’s stiffness define the forces operating on the
bearings. The total force is determined by the load that each ball carries. The more the ball is deflected, the
more force is applied to the bearing.

Bearing vibrates even in perfect condition. The ball transition frequency describes this circumstance. The
ball transition frequency is the product of the cage’s angular velocity and ball count. Equation 12 provides
a mathematical depiction of the ball transition frequency. Here, ωc denotes the cage’s angular speed and
mathematical formulation is given in Eq. 13, whereas n denotes the number of balls in the bearing.

ωbp � nωc (12)

Only the inner race’s angular velocity was taken into account for measuring the cage speed in this study
since the outer race was thought to be immovable and the inner race to be moveable.

ωc � 1

2
(ωi(1 − γ ) + ωo(1 + γ )) (13)

Seen in Eq. 13 γ denotes the angle between two adjacent balls and it could be calculating using Eq. 14.

γ � db

dm
cosα (14)

Given in Eq. 14 γ taken as zero since the modeled bearing is a deep groove ball bearing in this study.

2.3 Equation of motion

Equations of motion have been generated by applying certain model-based assumptions. The following is a
list of assumptions in the solution:

1. Two degrees of freedom are considered for the shaft in the radial directions of x and y.
2. It is assumed that the inner race has evenly distributed balls, while the outside race remains stationary.
3. Balls are thought to have no mass,
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Fig. 2 Shaft-bearing system schematic views, a 3D view of the bearing-rotor system, b coordinate axis and the contact force,
c detail of the hybrid polymer ball bearing

4. The races are stiff, and only local deformations occur,
5. One assumes that the shaft is stiff.

According to these assumptions, Eqs. 15 and 16 specify the equations of motion modeled in 2-degree of
freedom, and Fig. 2 shows the shaft-bearing system schematic view.

Mẍ +
n∑

i�1

Ficos(θi ) + Px − Mg � 0 (15)

Mÿ +
n∑

i�1

Fi sin(θi ) + Py � 0 (16)

where Px and Py are unbalanced forces and they could be calculated from Eqs. 17 and 18. M denotes the mass
of the shaft, and n denotes the number of ball.

Px � −Meuω
2cosωt (17)

Py � −Meuω
2sinωt (18)

In this study, the equations of motion are solved with the Runge–Kutta method, and the system’s dynamic
motion is calculated in an instant. Then, the deformations of the raceways are calculated with the kinematic
relationship of the ball bearing-rotor system and displacement data from the solution of the Eqs. 15 and 16.
To calculate the deformations, firstly the nondimensional variable Q is calculated from Eq. 1 for the material
properties, displacement, and the radius of the truncated contact area, a′ given in Eq. 2. After determining the
nondimensional Q value, the contact force is computed from Eqs. 4, 7, and 9 for the range of the Q value
identified for contact characteristics. Finally, this calculation procedure is applied for each ball, and the total
contact force along x- and y-directions is determined with respect to the ball position given as Eqs. 15 and 16.

3 Results and discussion

The effects of the plastic and elastoplastic contact between the inner raceway-ball-outer raceway in the hybrid
polymer ball bearing on the nonlinear dynamic behavior of the system responses are analyzed. The equations
of the motions were numerically solved with the developed algorithm, and a serial simulation was run to
investigate the behavior of the response under different contact characteristics. The operational conditions
and specifications of the ball bearing-rotor system were listed in Table 1, and the bifurcation parameters were
chosen as the rotational speed and the rotor mass. The steady-state portions of the simulation results were
regarded to avoid the transient information in the responses, and nonlinear dynamic analysis was studied in
time and frequency domains. Firstly, the response of the system was investigated with waterfall diagrams and
bifurcation analysis to estimate the critical speeds, as well as the nonlinear behavior of the system. Then, the
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Table 1 Geometric parameters of 6804 ball bearing

Parameters Symbols Values Units

The inner race’s diameter Di 0.02 m
The inner raceway’s diameter di 0.02379 m
Outer raceway diameter do 0.02802 m
Outer race diameter Do 0.032 m
Bearing width W 0.007 m
Balls Diameter db 0.003465 m
Radius of inner race groove ri 0,002138 m
Radius of the outer race groove ro 0,002183 m
Number of balls N 11
Elastic modulus of balls E1 200×109 GPa
Elastisite modulus of raceways E2 25×108 GPa
Poisson ratio of balls ν1 0.3
Poisson ratio of raceways ν2 0.46
Unbalance eccentricity Es 1×10−7 m
Time step Δt 1/30000 sec
Initial condition,[x0; ẋ0; y0; ẏ0] x0

[
1 × 10−9; 0; 0; 0

]
m

Fig. 3 The response of the system under different rotor mass for the rotational speed, N � 2500 rpm, a along x-direction, b along
y-direction

response’s nonlinear dynamic characteristics, such as periodicity, chaos, etc., were classified and identified
with orbit plots, phase diagrams, Poincare maps, and spectrum graphs.

Figure 3 shows the steady-state responses of the system along x- and y-direction under rotational speed,
N � 2500 rpm for different rotor masses. The rotor oscillates around the bearing center along the y-direction.
However, the steady-state equilibrium positions of the rotor along the x-direction move away from the bearing
center when the rotor increases in weight due to the gravitational effect, as expected. Moreover, the peak-
to-peak amplitude along the x-direction increases when the rotor mass increases. On the other hand, the
characteristics of the steady-state responses along both axes are also affected by the rotor mass, and the
behavior of the responses varies from periodic to chaotic. In the contact model, the rotor mass determines the
critical deformation, as well as the pressure force on the inner and outer raceway of the bearing. Thus, the
characteristics of the contact can transform from elastic to elastoplastic; in other words, existing force is due
to contact. As a result, it could be seen from Fig. 3 that the dynamic characteristics of the response strongly
relate to the contact characteristics, as expected.

The rotational speed is another parameter that affects the bearing-rotor system’s dynamic characteristics.
Figure 4 shows the steady-state responses of the system under rotor mass of M � 1.5 kg, for different rotational
speeds. It can be seen that the peak-to-peak amplitude of the responses is higher for low rotating speed, and
the behavior of the responses is further impacted by rotational speed due to unbalance, as expected.
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Fig. 4 The response of the system under different rotational speed for the rotor mass, M � 1.5 kg, a along x-direction, b along
y-direction

3.1 Effects of the rotor mass on the system’s nonlinear response

In order to detail the effect of rotor mass, the system is simulated for the rotor mass from 0.2 to 2.5 kg under a
constant rotating speed of N � 2500 rpm. The spectra of the steady-state response are illustrated as waterfall
diagrams given in Fig. 5. It could be seen that the dynamic behavior of the system is complex, and the peak
values appear at the frequency of 198 Hz dominates in the waterfall diagrams, which corresponds to the
computation of the ball passage frequency depending on the rotational speed. In addition, the superharmonic
components of it are also seen at 396 Hz and 594 Hz in both diagrams. Besides, although the amplitude is very
small, the synchronous vibrations (1X) at the frequency of 41.6 Hz are observed in the waterfall diagrams. On
the other hand, it could be seen that when the rotor mass reaches 1.5 kg, the frequency components become
sprawl, and lots of peak values exist in the waterfall diagrams. Although this characteristic is visible within
mass from 1.5 to 2.25 kg, the disordered frequency components become to vanish when it exceeds 2.25 kg.
After 2.25 kg, the ball passage frequency and its superharmonic components dominate the diagram again.
When the rotor mass exceeds 1.4 kg, the elastic contact between the ball and inner/outer raceway begins to
transform into the elastoplastic contact, and there exists a transition region. As mass increases, the contact is
fully elastoplastic, and the dynamic attitude of the system is strongly affected by this transition. On the other
hand, it could be seen that while the x-amplitude reaches the maximum values at 1.66 kg, the y-amplitude is
the maximum at 1 kg. Therefore, it could be said that the resonance phenomenon occurs at 0.92 kg and 1.66 kg,
and the critical speed of the system along the x- and y-direction are coincident with ball passage frequency.

The peak-to-peak amplitudes of the steady-state response are also calculated, and their variations with the
rotor mass are shown in Fig. 6. The system’s critical speeds are visible in plots. Besides, it could be said that
the peak-to-peak responses indicate a complex dynamic behavior of the system in both directions when the
rotor mass is within a specific region of around 1.5 kg. However, the amplitudes are smooth apart from this
region.

An algorithm was developed to extract the bifurcation diagrams in this study. This algorithm determines
peak points of the steady-state portion of the time series and stores them in a matrix sized by the length of
the bifurcation parameter and the number of the extracting peaks. Then, the diagram is created by plotting
with dots concerning matrix values and bifurcation parameters. Figure 7 shows the bifurcations and dynamic
behavior of the steady-state responses under rotational speed, N � 2500 rpm, when the rotor mass increases
from 0.2 to 2.5 kg. When the rotor mass is lower than M � 1.5 kg, the steady-state response of the rotor seems
periodic in both x- and y-direction, and the resonance phenomenon occurs at M � 0.91 kg along y-direction
(see Fig. 7b) for rotating speed, N � 2500 rpm. When it closes to M � 1.5 kg, the chaotic motion begins in
both x- and y-direction, and the chaotic motion continues to appear up to M � 1.7 kg. When it is lower than
1.5 kg, there is elastic contact between the ball and inner/outer races.

However, elastoplastic contact starts to occur when it reaches and exceeds 1.5 kg. Therefore, the dynamic
behavior of the response enters the chaotic motion, and even though the chaotic motion transforms to periodic
motion when the rotor mass exceeds 1.7 kg, it stays in the quasiperiodic motion. On the other hand, the
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Fig. 5 Waterfall diagram of unbalanced response of the system for the rotational speed, N � 2500 rpm, a along x-direction,
b along y-direction

Fig. 6 Peak-to-peak response of the system for the rotor mass, N � 2500 rpm, a along x-direction, b along y-direction

Fig. 7 Bifurcation diagram of unbalanced response of the system for the rotor mass, N � 2500 rpm a along x-direction, b along
y-direction
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resonance occurs at M � 1.66 kg in the x-direction (see Fig. 7a) when the system behaves in chaotic motion.
Then, the dynamic behavior of the system in both directions, transitions from chaotic motion to quasiperiodic
motion.

The Poincare maps were determined by considering successive intersections of a trajectory with a
codimension-one surface. In order to conduct a detailed analysis of the behavior of the response, the orbit
graphs, phase portraits, Poincare diagrams, and the spectrums of the responses are plotted for the critical
regions determined by the bifurcation analysis, and they are shown in Figs. 8 and 9. When the rotor mass is
lower than 1.46 kg, the behavior of the motion seems quasiperiodic according to Fig. 8a1–d1 given for M �
1 kg. When it is 1.46 kg, the Poincare map given in Fig. 8c2 shows broad and distributed points; in addition,
the spectrum has a wide band at the bottom of the peak frequency (see Fig. 8d2). Moreover, it could be seen
from Fig. 8a2 that the rotor center moves inside a complex whirl. When it is 1.47 kg by slightly increasing,
although the dynamic behavior transforms to quasiperiodic motion according to orbit plot, Poincare maps, and
the spectrum given in Fig. 8a3–d3, the response behavior enters chaotic, again at 1.48 kg (see Fig. 8a4–d4).
After the dynamic behavior of the system stays in chaotic motion within a range of 1.48–1.62 kg, when the
rotor mass is 1.63 kg, the Poincare map given in Fig. 8c5 shows the 3 distinct points; moreover, a total of
three dominant peaks observe in the spectrum graphs illustrated in Fig. 8c5; therefore, the dynamic behavior
is period-3. On the other hand, it could be seen from Fig. 9a1–d1 and a2–d2 that the motion transforms from
chaotic to period-3 at 1.64 kg, then from chaotic to period-3 at 1.67 kg. When it is 1.69 kg, according to Poincare
maps, as well as the spectrum graph given in Fig. 9c3 and d3, respectively, it could be said that the period-4
motion occurs in the response. When it exceeds 1.72 kg, the dynamic behavior enters the quasiperiodic motion
and stays in this behavior (see Fig. 9a5–d5).

3.2 Effects of the shaft speed on the system’s nonlinear response

To examine the impact of rotational speed, the ball bearing-rotor system simulated for the rotational speed
within the range of 0–20,000 rpm and the rotor mass, M � 1.42 kg. And the spectra of the response are
illustrated as waterfall diagrams given in Fig. 10. It could be seen that the dynamic behavior of the system is
complex in low-speed regions, and the synchronous vibration (1X) dominates in the waterfall diagrams along
the x-direction and y-direction. Besides, the superharmonics of the synchronous vibration are also visible in
waterfall diagrams. In the waterfall diagram of the steady-state response along the x-direction, the synchronous
vibration reaches a peak value at 200 Hz and the resonance phenomenon occurs.

On the other hand, it is seen from Fig. 10b that the resonance frequency is 170 Hz in the y-direction.
Furthermore, the critical speeds of the system coincide with supersynchronous vibration, and peak values
are visible in both waterfall diagrams at superharmonics of the synchronous vibrations. On the other hand,
the waterfall diagrams show lots of sprawled peaks at different frequency components in the speed range
between 2500 and 5000 rpm. And these peaks are more visible on the waterfall diagram of the response along
the x-direction. Although these peaks cast doubt on the contact characteristic transformation from elastic to
elastoplastic in this region, detection of the contact transformation is complicated on the waterfall diagrams.
However, in the simulation, it was assumed that the rotor was mass unbalanced. Therefore, the unbalanced force
acting on the response grows up, and so the characteristic of the contact can change as the rotor accelerates.

Figure 11a and b shows the peak-to-peak amplitudes of the steady-state response. According to variations,
the critical speeds of the system are visible, and it along the x-direction is 12,000 rpm while it is 10,050 rpm in
the y-direction. On the other hand, after the peak-to-peak responses reach critical speeds, it could be said that
the responses indicate a complex dynamic behavior in both directions. When the rotational speed is within a
range of 2500–5000 rpm, peaks around 2500 rpm and 5000 rpm are observed in the x-direction, whereas a
peak around 2500 rpm is observed in the y direction.

Figure 12 shows the bifurcations and dynamic behavior of the x- and y-directional steady-state responses
under rotor mass, M � 1.42 kg when the rotor accelerates up to 20,000 rpm. When the rotational speed is
lower than 2500 rpm, the response along the x-direction seems periodic; however, bifurcations are visible
in the response along the y-direction. After it exceeds 2500 rpm, the dynamic behaviors of the response
along the y-direction also transform the periodic. Then, when it closes to 5000 rpm, it is seen from Fig. 12
that the chaotic motion is observed in both directions. However, when it slightly increases and it reaches
5000 rpm, a bifurcation in the responses of the system in both directions starts. After 5000 rpm, the dynamic
behavior transforms from chaotic to quasiperiodic motion, and the quasiperiodic motion continues to stay
in the responses until 7500 rpm. When it exceeds 7500 rpm, the response enters the period-1 motion, and
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Fig. 8 Orbit plots, phase portraits, Poincare maps, and spectrums of the unbalanced response of the system, under the rotating
speed, N � 2500 rpm a1–d1, M � 1 kg, a2–d2 M � 1.46 kg, a3–d3 M � 1.47 kg, a4–d4 M � 1.48 kg, a5–d5) M � 1.63 kg
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Fig. 9 Orbit plots, phase portraits, Poincare Maps, and spectrums of the unbalanced response of the system, under the rotating
speed, N � 2500 rpm a1–d1, M � 1.64 kg, a2–d2 M � 1.67 kg, a3–d3 M � 1.69 kg, a4–d4 M � 1.72 kg, a5–d5 M � 2.5 kg
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Fig. 10 Waterfall diagram of unbalanced response of the system for the rotational speed, M � 1.42 kg, a along x-direction,
b along y-direction

Fig. 11 Peak-to-peak response of the system for the rotor mass, M � 1.42 kg, a along x-direction, b along y-direction

it stays until 9500 rpm. When the rotor speed reaches 9550 rpm, the chaotic motion exists in the response,
and the chaos in the response continues until 9800 rpm. After chaotic motion, the dynamic behavior of the
system enters random quasiperiodic motion, and it continues until 10,500 rpm, and then the response behaves
in period-1 motion. At 12,500 rpm, the period-1 motion transforms the quasiperiodic motion. It is seen from
Fig. 12a that when the rotor speed exceeds 12,500 rpm, although the line becomes thick by getting thinner and
vice versa, the dynamic behavior of the system stays in quasiperiodic motion.

In order to detailed analysis of the behavior of the response, the orbit graphs, phase portraits, Poincare
diagrams, and the spectrums of the responses are plotted for the critical regions determined by the bifurcation
analysis, and they are shown in Figs. 13, 14 and 15. There are a total of four distinct points in the Poincare map
at 700 rpm according to Fig. 13c1, whereas there are a total of three points at 1250 rpm as seen in Fig. 13c2.
Besides, it is seen in spectrum graphs that the number of the peak components is the same as the point number
in the Poincare maps. Therefore, the behavior of the motion seems the period-T when the rotational speed
is lower than 2500 rpm. Moreover, when the rotational speed increases, the period-4 motion transforms the
period-3 motion. Conversely, in cases when it reaches 2500 rpm, the dynamic behavior enters period-2 motion
according to orbit plots and Poincare maps given in Fig. 13a3 and c3. However, when it exceeds 2500 rpm
and reaches 3750 rpm, points in the Poincare map form a closed curve according to Fig. 13c4 even though the
rotor center is in a complex whirl as seen in orbit plot (see Fig. 13a4). Therefore, the response starts to behave
a quasiperiodic characteristic, and the dynamic behavior stays in quasiperiodic motion until 4900 rpm (see
Fig. 13a4–d4). After 4900 rpm, it is seen from Fig. 13c5 that the closed curve shears off, and points form a
shape as two distinct arcs and the quasiperiodic motion transforms the quasiperiodic-2 motion. At 5000 rpm,
the response enters chaotic motion. In Fig. 14a1–d1, broad and distributed points, a wide band at the bottom
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Fig. 12 Bifurcation diagram of unbalanced response of the system for the rotor mass, M � 1.42 kg, a along x-direction, b along
y-direction

of peak frequency in the spectrum plot, moreover, complex whirl in orbits plots are evidence of the chaotic
motion at 5000 rpm. However, the chaotic motion takes a short time, and transforms the quasiperiodic-2 motion
according to Fig. 14a2–d2. The quasiperiodic-2 motion continues in a range of 5050–7450 rpm, and when
it 7500 rpm, the quasiperiodic motion transforms period-1 motion as seen in Fig. 14a3–d3. However, as it
is 9600 rpm, the dynamic behavior enters the chaotic motion according to Fig. 14a4–d4. Then, the chaotic
behavior transforms again the period-1 motion at 10,500 rpm.

On the other hand, when the rotational speed exceeds 10,500 rpm, as seen in Fig. 15a1–d1, the period-1
motion transforms the random quasiperiodic motion until 15,000 rpm. Two nested circles are observed in
Fig. 15c2; therefore, the behavior could be described as to be the quasiperiodic-2 motion at 15,000 rpm (see
Fig. 15a2–d2). The quasiperiodic-2 motion is observed in the response until 16,000 rpm. However, when
the rotational speed exceeds 16,000 rpm, it turns the quasiperiodic-1 motion, as seen in Fig. 15a3–d3, and
continues until the end of the speed range.

During simulation, the numerical solution algorithm defines a specific number to identify the contact
characteristics at each ball, and it stores these numbers in a matrix. To present the results, firstly the number
of ball which is under the elastic or elastoplastic contact characteristics is found by extracting the steady-state
portion of the time series from storing matrix, and then the total number of the balls is illustrated on a graph
considering the contact characteristics. To investigate the connection between the dynamic behavior of the
system and plasticity, the contact type between balls and the inner/outer raceway was determined from Eq. 1
and recorded at each time step in the simulation. Figure 16a shows the maximum number of balls at the
elastoplastic contact under increasing rotor mass at 2500 rpm. All balls are in elastic contact with raceways in
a range of rotor mass, 0.2–1.45 kg. However, when it reaches 1.46 kg, the elastoplastic contact starts, and two
balls are elastoplastic contact. When this result is evaluated with the results from the bifurcation and nonlinear
dynamic analysis (see Figs. 5, 6 and 7), it could be said that the system’s dynamic response begins to exhibit
chaotic behavior at the elastoplastic contact.

Furthermore, when the number of balls in elastoplastic contact increases from 2 to 3, it could be emphasized
that the dynamic behavior varied from chaotic to quasiperiodic and vice versa. On the other hand, Fig. 16b shows
the maximum number of balls at the elastoplastic contact under increasing rotational speed when the rotor-
bearing system operates under M � 1.42 kg. It could be seen from Fig. 16b that there are no balls in elastoplastic
contact until 4950 rpm, and the chaotic behavior starts in the response of the system (see Fig. 16b). However,
when it is 4950 rpm, there is one ball in elastoplastic contact, and after an increment of the speed, the contact
characteristic transforms again elastic contact. Nevertheless, when it exceeds 9600 rpm, elastoplastic contact
between balls and raceways occurs, and after 9600 rpm, there is at least one ball in elastoplastic contact. When
the rotational speed increases, the dynamic response can coincide with synchronous vibration, as well as its
harmonic, so the response can magnify. Therefore, the characteristic of the contact varies depending on the
rotational speed. However, it could be said that the behavior of the system is strongly affected by the number
of balls in elastoplastic contact, as expected.
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Fig. 13 Orbit plots, phase portraits, Poincare Maps, and spectrums of the unbalanced response of the system, under the rotating
speed, M � 1.42 kg a1–d1, N � 700 rpm, a2–d2 N � 1250 rpm, a3–d3 N � 2500 rpm, a4–d4 N � 3750 rpm, a5–d5 N �
4950 rpm
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Fig. 14 Orbit plots, phase portraits, Poincare Maps, and spectrums of the unbalanced response of the system, under the rotating
speed, M � 1.42 kg a1–d1, N � 5000 rpm, a2–d2 N � 5050 rpm, a3–d3 N � 7500 rpm, a4–d4 N � 9600 rpm, a5–d5 N �
10,500 rpm
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Fig. 15 Orbit plots, phase portraits, Poincare Maps, and spectrums of the unbalanced response of the system, under the rotating
speed, M � 1.42 kg a1–d1, N � 12,500 rpm, a2–d2 N � 15,000 rpm, a3–d3 N � 17,500 rpm

Fig. 16 The number of balls in elastoplastic contact, a Variation with rotor mass (N � 2500 rpm), b variation with rotational
speed (M � 1.42 kg)
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4 Conclusion

The nonlinear dynamic behavior and bifurcation characteristic of the rotor supported by hybrid polymer ball
bearing have been analyzed. The modeling of the contact between the balls and the polymer raceways takes
into account the viscoelastic properties of the structure. Three primary phases of the contact—elastoplastic,
completely plastic, and elastic—have been identified, and corresponding contact forces have been developed for
each. The shaft speed and its weight have been chosen as bifurcation parameters, and the steady-state response
of the system has been investigated with time and frequency domains analysis methods. The simulation results
show that the contact characteristics affect the dynamic behavior of the system. The T-periodic, quasiperiodic,
quasiperiodic-n, and chaotic motions could exist in the response. When the contact is in the elastic phase, the
response changes from periodic to quasiperiodic motion. However, when the contact in any ball enters the
elastoplastic phase, the dynamic behavior is to be chaotic. It is also affected by the shaft speed, because the
contact characteristics changes with the unbalance force with the increase in the rotational speed.

The study can be expanded by using the finite element method and experimental studies. For defect
detection, studies can be carried out using machine learning methods to investigate whether the bearings have
moved into the elastoplastic region.
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