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In this paper, we introduce the concepts of deferred statistical convergence of order α and strongly deferred Cesàro summable
functions (real valued) of order α on time scales and give some relationships between deferred statistical convergence of order
α and strongly deferred Cesàro summable functions (real valued) of order α on time scales.

1. Introduction

In mathematics, the concept of convergence has been of
great importance for many years. This concept has been
studied theoretically by many mathematicians in many dif-
ferent fields. Many types of convergence have been defined
so far, and then, very valuable results and concepts have
been presented to the mathematical community. One of
these ideas is the converging statistics. In 1935, Zygmund
[1] introduced the concept of statistical convergence to
the mathematical community, Steinhaus [2] and Fast [3]
independently introduced the concept of statistical conver-
gence, and Schoenberg [4] reintroduced it in the year
1959. Then, it has been addressed under various titles
including Fourier analysis, Ergodic theory, Number theory,
Turnpike theory, Measure theory, Trigonometric series,
and Banach spaces. The concept was later applied to sum-
mability theory by various authors such as Çinar et al. ([5,
6]), Çolak [7], Connor [8], Fridy [9], Altay et al. [10],
Garcia and Kama [11], Isik et al. ([12–15]), Kucukaslan
and Yılmazturk ([16, 17]), Šalát [18], Ercan et al.
([19–21]), and Parida et al. [22], and this concept has been
extended to sequence spaces, accordingly, to the notions
such as summability theory.

The natural density of a subset A of ℕ is defined as

δ Að Þ = lim
n⟶∞

1
n
〠
n

k=1
χA kð Þ, ð1Þ

provided that limit exists, where χA is the characteristic
function of A: If

δ k ∈ℕ : xk − Lj j ≥ εð Þ = 0, ð2Þ

for each ε > 0, then x = ðxkÞ is said to be statistically con-
vergent to ℓ writing S − limk⟶∞xk = ℓ. Over the years, that
notion has been presented in a variety of ways, and its rela-
tionship to aggregation has been investigated in several
domains. In recent years, researchers have attempted to
apply the relationship between statistical convergence and
summability theory in applicable disciplines.

Now is the time to recall the key notions of our study
deferred Cesàro mean and deferred statistical convergence.

Deferred Cesàro mean, defined by Agnew [23] in 1932, is
a generalization of Cesàro mean, and its definition can be
given as follows:
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Dp,qx
� �

m
= 1
q mð Þ − p mð Þ 〠

q mð Þ

p mð Þ+1
xk, ð3Þ

where p = ðpðmÞÞ and q = ðqðmÞÞ are the sequences of
nonnegative integers satisfying

p mð Þ < q mð Þ and lim
m⟶∞

q mð Þ =∞: ð4Þ

Küçükaslan and Yılmaztürk [16, 17] defined the
concepts of derferred density and deferred statistical conver-
gence by using the deferred Cesàro mean.

The deferred density of a subset A of the natural
numbers ℕ is defined by

δp,q Að Þ = lim
m⟶∞

1
q mð Þ − p mð Þ Ap,q mð Þ�� ��, ð5Þ

provided the limit exists, where Ap,qðmÞ = fpðmÞ < k ≤ q
ðmÞ: k ∈ Ag.

A real valued sequence x = ðxkÞ is said to be deferred
statistical convergent to L, if

lim
m⟶∞

1
q mð Þ − p mð Þ p mð Þ < k ≤ q mð Þ: xk − Lj j ≥ εf gj j = 0,

ð6Þ

for each ε > 0 [16, 17].
Throughout the paper, we assume that the sequences

ðpðmÞÞ and ðqðmÞÞ satisfy the following conditions

p mð Þ < q mð Þ and lim
m⟶∞

q mð Þ =∞, ð7Þ

and additionally, lim
m⟶∞

ðqðmÞ − pðmÞÞ =∞.

In 1988, Hilger [24] proposed the time scale hypothesis.
In 2001, Bohner and Peterson [25] published the first
detailed explanation of the time scale theory. In 2003,
Guseinov [26] developed a Measure theory on time scales.
Cabada and Vivero [27] presented the Lebesque integral
on time scales in 2006. These findings provide the foundation
for time scale summability theory research. Many mathema-
ticians in various domains have investigated the time scale
calculus over the years [28]. As a result, it seems natural to
generalize convergence on time scales in light of recent appli-
cations of time scales to real-world situations. Numerous
writers in the literature have used statistical convergence to
apply to time scales for various purposes (see [29–33]).

A nonempty closed subset of real numbers is called a
time scale. Two basic concepts on the time scale are the
forward jump operator and the backward jump operator.
These can be given as follows:

(i) σ : T ⟶ T , σðsÞ = inf ft ∈ T : t > sg
(ii) ρðsÞ = sup ft ∈ T : t < sg for s ∈ T

A Lebesque Δ-measure is defined on the family of inter-
vals ½x, yÞT = fs ∈ T : x ≤ s ≤ yg on an arbitrary time scale T
with the help of forward and backward jump operators. This
defined measure is denoted by νΔ and provides the following
properties:

(i) If x ∈ T \ max fTg, then the set fxg is Δ-measurable
and νΔðxÞ = σðxÞ − x

(ii) If x, y ∈ T and x ≤ y, then νΔð½x, yÞT Þ = y − x and
νΔððx, yÞT Þ = y − σðxÞ

(iii) If x, y ∈ T \ max fTg and x ≤ y, then νΔððx, y�T Þ =
σðyÞ − σðxÞ and νΔð½x, y�T Þ = σðyÞ − x

Let Ω be a Δ-measurable subset of T , and for t∈T , write

Ω tð Þ = s ∈ t0, t½ �: s ∈Ωf g: ð8Þ

Turan and Duman [32, 34] were defined the density and
statistical convergence on time scales as follows:

δT Ωð Þ = lim
t⟶∞

νΔ Ω tð Þð Þ
νΔ t0, t½ �ð Þ , ð9Þ

provided that limit exists.
Let f : T ⟶ R be a Δ-measurable function. On T , f is

said to be statistically convergent to L if

δT t ∈ T : f tð Þ − Lj j ≥ εð Þ = 0, ð10Þ

for every ε > 0. In this case, we write stT − lim
t⟶∞

f ðtÞ = L.

2. Main Results

The aim of this study is to define the concepts of deferred
Cesàro summability of order α and deferred statistical con-
vergence of order α on the time scale and examine the rela-
tionships between them.

Definition 1. Let f be a Δ-delta measurable function on the
time scale T and α ∈ ð0, 1�, and we say that f is deferred
statistically convergent of order α on T to the number L if
for every ε > 0,

lim
m⟶∞

νΔ k ∈ p mð Þ, q mð Þð �T : f kð Þ − Lj j ⩾ ε
� �

ναΔ p mð Þ, q mð Þð �T
� � = 0: ð11Þ

We will show this convergence with DðstαT Þ − limf ðtÞ = L.
We will denote by DSαT ½p, q� the set of all functions that
deferred statistically convergent of order α on the time
scale T :
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Obviously,

(i) If we get qðsÞ = s and pðsÞ = s0 and α = 1, then we
get the definition of statistical convergence in time
scale [32]

(ii) If we take qðmÞ = kðmÞ, pðmÞ = kðm − 1Þ, and α = 1,
then we get lacunary statistical convergence in time
scale [34]

(iii) If we take qðtÞ = t, pðtÞ = t − λt + t0, and α = 1, then
we get λ statistical convergence in time scale [35]

(iv) If we get α = 1, then we get the definition of deferred
statistical convergence in time scale [29]

Example 1. Let f be defined as in [36]. It is seen from the fol-
lowing inequality that the function f is deferred statistical
convergence in T for α > 1/2

νΔ k ∈ p mð Þ, q mð Þð �T : f kð Þj j ≥ ε
� �

ναΔ p mð Þ, q mð Þð �T
� �

≤
νΔ p mð Þ, σp mð Þ + ffiffiffiffiffiffi

vm
p� 	� �� �

v mð Þα

=
ffiffiffiffiffiffi
vm

p� 	
v mð Þα ⟶ 0 m⟶∞ð Þ:

ð12Þ

Theorem 2. If f , g : T ⟶ℝ with DðstαT Þ − limf ðtÞ = L1 and
DðstαT Þ − limgðtÞ = L2, then the following statements hold

(i) DðstαT Þ − limð f ðtÞ + gðtÞÞ = L1 + L2

(ii) DðstαT Þ − limðcf ðtÞÞ = cL1

Proof. (i) Let DðstαT Þ − limf ðtÞ = L1 and DðstαT Þ − limgðtÞ =
L2: We write

νΔ k ∈ p mð Þ, q mð Þð �T : f kð Þ + g kð Þð Þ − L1 + L2ð Þj j ⩾ ε
� �

ναΔ p mð Þ, q mð Þð �T
� �

= νΔ k ∈ p mð Þ, q mð Þð �T : f kð Þ − L1j j ⩾ ε
� �

ναΔ p mð Þ, q mð Þð �T
� �

+ νΔ k ∈ p mð Þ, q mð Þð �T : g kð Þ − L2j j ⩾ ε
� �

ναΔ p mð Þ, q mð Þð �T
� � ,

ð13Þ

for every ε > 0. Taking limit as m⟶∞, (i) will be
proved.

(ii) Let DðstαT Þ − limf ðtÞ = L. Assume that c ≠ 0; then, the
proof of (ii) follows from

νΔ k ∈ p mð Þ, q mð Þð �T : cf kð Þ − cLj j ⩾ ε
� �

ναΔ p mð Þ, q mð Þð �T
� �

= νΔ k ∈ p mð Þ, q mð Þð �T : f kð Þ − Lj j ⩾ ε/ cj jð Þ� �
ναΔ p mð Þ, q mð Þð �T

� � :

ð14Þ

Definition 3. Let f be a Δ-delta measurable function on the
time scale T . Then, f is strongly deferred Cesàro summable
of order α to L if

lim
m⟶∞

1
ναΔ p mð Þ, q mð Þð �T

� � ð
p mð Þ,q mð Þð �T

f kð Þ − Lj jΔk = 0:

ð15Þ

By Dα
T ½p, q�, we denote all strongly deferred Cesàro sum-

mable functions of order α on T .
If we take the function f as follows, for α > 1/2,

f tð Þ =

1, if s ∈ p mð Þ, σ p mð Þð Þ + 1ð Þ,T
1, if s ∈ σ p mð Þð Þ + 1, σ p mð Þð Þ + 2½ ÞT ,
⋯

1, if s ∈ σ p mð Þð Þ + ffiffiffiffiffiffi
vm

p½ � − 1, σ p mð Þð Þ + ffiffiffiffiffiffi
vm

p½ �½ ÞT ,
0, otherwise,

8>>>>>>>><
>>>>>>>>:

ð16Þ

which is Cesàro summable.

Theorem 4. Let f be a Δ-delta measurable function on the
time scale T . If f ∈Dα

T ½p, q�, then f ∈DSαT ½p, q�:

Proof. Let ε > 0 and DðεÞ = fs ∈ ðpðmÞ, qðmÞ�T : j f ðsÞ − Lj ⩾
εg. The proof is obtained from the following inequality:

ð
p mð Þ,q mð Þð �T

f sð Þ − Lj jΔs ⩾
ð
D εð Þ

f sð Þ − Lj jΔs ⩾ εμΔ D εð Þf g:

ð17Þ

Corollary 5. Let f be a Δ-delta measurable function on the
time scale T and α, β ∈ ð0, 1� such that α < β. If f ∈Dα

T ½p, q�,
then f ∈DSβT ½p, q�:

To show that the inverse of Theorem 4 and Corollary 5 is
not true, we can consider the example on page 3 of Çolak’s
article [7].

The converse of Theorem 4 and Corollary 5 is usually not
satisfied, but provided that f is bounded, by taking α = 1, we
can give the following result.
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Theorem 6. Let f be a Δ-delta measurable function on the
time scale T . If f ∈DST ½p, q� and f is bounded, then f ∈
DT ½p, q�.

Proof. Suppose that f ∈DST ½p, q� and f is bounded. In this
case, there is K > 0 such that j f ðkÞj ⩽ K and also

lim
m⟶∞

1
νΔ p mð Þ, q mð Þð �ð Þ νΔ k ∈ p mð Þ, q mð Þð �: f kð Þ − Lj j ⩾ εf gð Þ = 0:

ð18Þ

Therefore, we have

1
νΔ p mð Þ, q mð Þð �ð Þ

ð
p mð Þ,q mð Þð �T

f kð Þ − Lj jΔk

= 1
νΔ D p mð Þ, q mð Þ�ðð Þ

ð
D εð Þ

f kð Þ − Lj jΔk

+ 1
νΔ p mð Þ, q mð Þð �ð Þ

ð
p mð Þ,q mð Þð �T \D εð Þ

f kð Þ − Lj jΔk

⩽
K

νΔ p mð Þ, q mð Þð �ð Þ
ð
D εð Þ

Δk

+ ε

νΔ p mð Þ, q mð Þð �ð Þ
ð

p mð Þ,q mð Þð �T
Δk

= KνΔ D εð Þð Þ
νΔ p mð Þ, q mð Þð �ð Þ + ε:

ð19Þ

It is obvious that form⟶∞, the theorem is proved.

Theorem 7. Let f be a Δ-delta measurable function on the
time scale T and ναΔððpðmÞ, qðmÞ�Þ/ðσðqðmÞÞÞα is bounded.
If stαT − limf ðtÞ = L, then DðstαT Þ − limf ðtÞ = L.

Proof. Since stαT − limf ðtÞ = L, we write

1
ναΔ t0, q mð Þð �ð Þ μΔ k ∈ t0, q mð Þð �T : f kð Þ − Lj j ⩾ ε

� �� �
⩾

νΔ D εð Þð Þ
σ q mð Þð Þ − t0ð Þα

⩾
σ q mð Þð Þ − σ p mð Þð Þð Þα

σ q mð Þð Þð Þα
νΔ D εð Þð Þ

σ q mð Þð Þ − σ p mð Þð Þð Þα :

ð20Þ

Clearly, for m⟶∞, the theorem is proved.

Corollary 8. Let ðqðmÞÞ be an arbitrary sequence with qðmÞ
∈ t0, t�, and ναΔðt0, t�Þ/ναΔððpðmÞ, qðmÞ�Þ is bounded. Then, f
is statistical convergence of order α to L on T implies f is
deferred statistical convergence of order α to L on T .

Let the four sequences ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′
ðmÞÞ are nonnegative real numbers such that

p mð Þ ⩽ p′ mð Þ < q′ mð Þ ⩽ q mð Þ, ð21Þ

for all m ∈ℕ.

Theorem 9. Let ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′ðmÞÞ be
given as in (21). If

lim
m⟶∞

ναΔ p′ mð Þ, q′ mð Þ

 i
 �

ναΔ p mð Þ, q mð Þð �ð Þ > 0, ð22Þ

then f ∈DSαT ½p, q� implies f ∈DSαT ½p′, q′�:

Proof. Let D′ðεÞ = fk ∈ ðp′ðmÞ, q′ðmÞ�: j f ðkÞ − Lj ⩾ εg. The
proof is obtained from the following inequality:

1
ναΔ p mð Þ, q mð Þð �ð Þ νΔ D εð Þð Þ

⩾

ναΔ p′ mð Þ, q′ mð Þ

 i
 �

ναΔ p mð Þ, q mð Þð �ð Þ
1

ναΔ p′ mð Þ, q′ mð Þ

 i
 � νΔ D′ εð Þ:


 �
:

ð23Þ

Corollary 10. Let ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′ðmÞÞ be
given as in (21) and α, β ∈ ð0, 1� such that α ≤ β. If (22) holds,

then f ∈DSαT ½p, q� implies f ∈DSβT ½p′, q′�.

Theorem 11. Let ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′ðmÞÞ be
given as in (21). If

lim
m⟶∞

ναΔ p mð Þ, q mð Þð �ð Þ
ναΔ p′ mð Þ, q′ mð Þ


 i
 � > 0, ð24Þ

then f is deferred Cesàro summable to L of order α on ½
pðmÞ, qðmÞ� implies f is deferred Cesàro summable to L of
order α on ½p′ðmÞ, q′ðmÞ�.

Proof. Proof follows from the following inequality:

1
ναΔ p mð Þ, q mð Þð �ð Þ

ð
p mð Þ,q mð Þð �T

f kð Þ − Lj jΔk

⩾

ναΔ p′ mð Þ, q′ mð Þ

 i
 �

ναΔ p mð Þ, q mð Þð �ð Þ
1

ναΔ p′ mð Þ, q′ mð Þ

 i
 � ð

p′ mð Þ,q′ mð Þð �
T

f kð Þ − Lj jΔk:

ð25Þ

Corollary 12. Let ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′ðmÞÞ be
given as (21) and α, β ∈ ð0, 1�, α ≤ β. If (24) holds, then f is
deferred Cesàro summable to L of order α on ½pðmÞ, qðmÞ�
implies f is deferred Cesàro summable to L of order α on
½p′ðmÞ, q′ðmÞ�.
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Theorem 13. Let ðpðmÞÞ, ðqðmÞÞ, ðp′ðmÞÞ, and ðq′ðmÞÞ be
given as (21). If

lim
m⟶∞

νΔ p mð Þ, p′ mð Þ

 i
 �

ναΔ p′ mð Þ, q′ mð Þ

 i
 � > 0, lim

m⟶∞

νΔ q mð Þ, q′ mð Þ

 i
 �

ναΔ p′ mð Þ, q′ mð Þ

 i
 � > 0:

ð26Þ

If f ∈DSαT ½p′, q′� and f is bounded, then f ∈Dα
T ½p, q�:

Proof. Suppose that f ⟶ LDSαT ½p′, q′�. Since f is bounded,
there exists a positive number K such that j f ðsÞj ⩽ K . Then,
we may write

1
ναΔ p mð Þ,ð q mð Þ�ð Þ

ð
p mð Þ,q mð Þ½ �T

f kð Þ − Lj jΔk

= 1
ναΔ p mð Þ,ð q mð Þ�ð Þ

·
ð

p mð Þ,p′ mð Þ½ �
T

f kð Þ − Lj jΔk +
ð

p′ mð Þ,q′ mð Þ½ �
T

f kð Þ − Lj jΔk
"

+
ð

q′ mð Þ,q mð Þ½ �
T

f kð Þ − Lj jΔs
#

⩽
1

ναΔ p mð Þ,ð q mð Þ�ð Þ
ð

p mð Þ,p′ mð Þ½ �
T

KΔk

"

+
ð

p′ mð Þ,q′ mð Þ½ �
T

f kð Þ − Lj jΔk + K
ð

q′ mð Þ,q mð Þ½ �
T

Δk

#

⩽
1

ναΔ p mð Þ,ð q mð Þ�ð Þ σ p′ mð Þ − σ p mð Þð Þ

 �


+ σ q mð Þ − σ q′ mð Þ

 �
 �


+ 1
ναΔ p mð Þ,ð q mð Þ�ð Þ

·
ð

p mð Þ,q mð Þ½ �T : f kð Þ−Lj j⩾εf g
f kð Þ − Lj jΔk

"

+
ð

p mð Þ,q mð Þ½ �T : f kð Þ−Lj j<εf g
f kð Þ − Lj jΔk

⩽

μΔ p mð Þ,ð p′ mð Þ
i
 �

+ νΔ q mð Þ,ð q′ mð Þ
i
 �

ναΔ p′ mð Þ,



q′ mð Þ
i
 � :K

+ K

ναΔ p′ mð Þ,



q′ mð Þ
i
 � νΔ p′ mð Þ < k1 ⩽ q′ mð Þ: f kð Þj

n


− Lj ⩾ εgÞ + ε

ναΔ p′ mð Þ, q′ mð Þ

 i
 � :

ð27Þ

This completes the proof.

3. Conclusion

Various variations of statistical convergence have been stud-
ied throughout the years, yielding some extremely important
conclusions. Deferred statistical convergence of order α is
one of these versions. This variant of statistical convergence
is investigated on arbitrary time scales in this paper, and a
significant generalization is made. As a result, the current
results constitute a particular case of our findings. Then,
on temporal scales, strongly postponed Cesàro summability
of order α is built. Finally, various inclusion relations for
the newly obtained spaces are investigated. The concepts
and theorems mentioned will vary as the time scale changes.
This will have a significant impact on applications employ-
ing the notion of summability in numerous ways.
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