Lacunary Statistical Convergence on . — Fuzzy Normed Space
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Abstract: The idea of lacunary statistical convergence sequences, which is a development of statistical conver-
gence, is examined and expanded in this study on .2 — fuzzy normed spaces, which is a generalization of fuzzy
spaces. On .Z— fuzzy normed spaces, the definitions of lacunary statistical Cauchy and completeness, as well
as associated theorems, are provided. The link between lacunary statistical Cauchyness and lacunary statistical
boundedness with regard to . — fuzzy norm is also shown.

1 Introduction

Academic investigations have proven for many years that kinds of convergence play an essential role in the field of
mathematics analysis and function theory. Statistical convergence and its variants have been investigated and are
now being explored in a variety of settings. [1,3,5-7,14-16, 18,22,24-30]

% — fuzzy normed spaces are natural generalizations of normed spaces, fuzzy normed spaces and intuitionistic
fuzzy normed spaces [2,11-13,17,19,31] based on some logical algebraic structures, which also enrich the notion
of a . — fuzzy metric space [9, 10].

There is a vast literature of studies on this structure. In particular, some properties of a variant of the statistical
convergence of sequences on .Z — fuzzy normed spaces are given [4,5,8-10,20,21,23].

In this study, we give some results regarding lacunary statistical convergence of sequences and investigate the
relationship between lacunary statistical convergent, lacunary statistical Cauchy and lacunary statistical bounded
sequences, which will be newly introduced on .’ — fuzzy normed spaces.

In this regard, here we give a characterization of the lacunary statistical convergence of a sequence through
the convergence of certain subsequences in the classical sense on % — fuzzy normed spaces. Then, we introduce
and discuss the notion of a statistical bounded sequence on . — fuzzy normed spaces. And finally we reveal
some implications between lacunary statistical convergence, lacunary statistical Cauchyness and lacunary statistical
boundedness of a sequence on a . — fuzzy normed space.

The aim of the present paper is to investigate the lacunary statistical convergence, which was first introduced
by Fridy, John Albert, and Cihan Orhan [6], on L—fuzzy normed spaces. Then we give a useful characterization
for lacunary statistically convergent sequences on ¥ — fuzzy normed spaces. Also we display an example such
that our method of convergence is stronger than the usual convergence on .2 — fuzzy normed spaces.

2 Preliminaries

Preliminaries on .2 — fuzzy normed spaces are presented in this section.

Definition 2.1. [23] Assume that K : [0, 1] x [0, 1] — [0, 1] is a function that satisfies the following
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K(a,b) = K(a,b)
K(K(a,b),c) = K(a, K(b,c))
3. K(a,1) = K(1,a) =
4. a <b,c <dthen K(a,c) < K(b,d)
is known as a t— norm.

Example 2.2. [23] K, K5 and K3 are the functions that given with,
Ki(a,b) = min{a, b},
Ks(a,b) = ab,
Ks3(a,b) = max{a+b— 1,0}

are the samples, which are well known of t— norms.

Definition 2.3. [23] Assume that . = (L, <) be a complete lattice and a set A be called the universe. On A, an

L— fuzzy set is defined with a function
X:A— L.

On a set A, the family of all L—sets is denoted by L.

Two L— sets on A intersect and union is shown by,
(CAD)(z) = Cla) A Dla),
(CUD)(x)=C(x)V D(x)

for all x € A. On the other hand, union and intersection of a family {B; : i € I'} of L— fuzzy sets is given by

(UB)@ =V Biw)

i€l i€l
( N Bl-) (x) = A\ Bi(x)
el el

respectively.

17, and Oy, are the biggest and smallest elements of the full Lattice L, respectively. On a given lattice (L, <),
we also illustrate the symbols >, <, and > in the obvious meanings.

Definition 2.4. [23] Let £ = (L, <) be a complete lattice. Therefore, t— norm is a function #" : L x L — L that
satisfies the following for all a, b, c,d € L:

1. #(a,b) = (b,a)

2. H(H(a,b),c) =K (a, # (b,c))

3. H(a, 1) = (1p,a) =a

4. a <bandc < d, then # (a,c) < X (b,d).

Definition 2.5. [23] For sequences (a,,) and (b,) on L such that (a,) — a € L and (b,) — b € L, if the
property that % (a,, b,) — % (a, b) satisfies on L, then a k—norm .#” on a complete lattice £ = (L, <) is called
continuous.

Definition 2.6. [23] The function .4 : L — L is defined as a negator on . = (L, <) if,



Ny) A (0p) =1g

No) A (1) =0y,

N3) a < bimplies A (b) < A (a) forall a,b € L.
If in addition,

Ny) N (A (a)) =aforalla € L.

Therefore, ./ is known as an involutive.

On the lattice ([0, 1], <), the mapping .45 : [0,1] — [0, 1] defined as .#5(x) = 1 — x is very common sample
of an involutive negator. In the concept of standard fuzzy sets, this type of negator is used. In addition, with the
order

(p1,v1) =2 (2,v2) <= p1 <p2 and vy > e

given the lattice ([0, 1)2, <) with for all i = 1,2, (u;, v;) € [0, 1]2. Therefore, the function .41 : [0, 1]? — [0, 1]2,
M(p,v) = (v 1)

in the sense of Atanassov [2], is known as a involutive negator. This type of negator are using in the notion of
intuitionistic fuzzy sets.

Definition 2.7. [23] Let . = (L, <) be a complete lattice and V' be a real vector space. .#  be a continuous
t—norm on . and v be an L—set on V' x (0, o) satisfying the following

(@) p(a,t) =0 foralla € V,t >0

(b) p(a,t) =1y forall¢t > 0if and only if a = 0

(©) plaa,t) = u(a, ﬁ) foralla € V,t >0 and «€R-—{0}

d) A (u(a,t),pu(b,s)) 2via+bt+s) foralla,beV and t,s>0
(e) limy_,oo pi(a,t) = 1z and limy_,o p(a,t) = 0p foralla € V — {0}

(f) The functions f, : (0,00) — L which is f(¢) = u(a,t) are continuous.

The triple (V, u, ") is referred to as an . — fuzzy normed space or .Z— normed space in this context.

Definition 2.8. [23] A sequence (a,,) is said to be Cauchy sequence in a £ — fuzzy normed space (V, u, %) if,
there exists ng € N such that, for all m,n > ng

w(an — am,t) = A (€)
where ./ is a negator on .Z, foreach e € L — {0} and ¢ > 0.

Definition 2.9. A sequence a = (a,,) is said to be bounded with respect to fuzzy norm in a . — fuzzy normed
space (V, i, #") , provided that, for eachr € L — {0, 11} and ¢ > 0,

plan, t) = A (r)
foralln € N.

We will first look at the concept of statistical convergence in .2 — fuzzy normed spaces. But first, let’s give the
concept of statistical convergence defined on real numbers [5].
If K C N, the set of natural numbers, then 6{ A} is the asymptotic density of A, is

A} = hin%‘{n <k:ne A}
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the limit exists the cardinality of the set A is given by | A].
If the set K (€) = {n < k : |a, — I| > €} has the asymptotic density zero, i.e.

1
lilin%{ngkz: la, — 1] > €} =0,

then the sequence a = (ay,) is known as a statistically convergent to the number ¢. In this case, we will write
st —lima = /4.

Despite the notion that every convergent sequence converges to the same limit statistically, the contrary is not
always true.

Definition 2.10. A sequence a = (ay,) is statistically convergent to [ € V with respect to p fuzzy norm in a £ —
fuzzy normed space (V, p, #") if provided that, for eache € L — {01} and ¢t > 0,

H{neN:pla, —1,t)# N(e)} =0
or equivalently
1
lim E{j <m:pla, —1,t) # AN (e)} = 0.
In this case, we will write st » — lima = [.

Definition 2.11. A sequence a = (ay) is said to be statistically Cauchy with respect to fuzzy norm p in a .£—
fuzzy normed space (V, p, £"), if provided that

Mk e N:plag — am,t) # ()} =0
foreache € L — {01}, m € Nand ¢t > 0.

Definition 2.12. A sequence a = (ay) is said to be statistically bounded with respect to fuzzy norm p in a £ —
fuzzy normed space (V, p, #) if provided that there exists r € L — {0z, 1} and ¢ > 0 such that

0k e N:plag,t) # A (r)} =0

for each positive integer k.

3 Lacunary Statistical Convergence on .2 —Fuzzy Normed Space

The notion of lacunary statistical convergence has been presented and investigated in many fields [6], [7]. We
define and investigate lacunary statistical convergence on the .Z'— fuzzy normed space in this section.

Definition 3.1. By a lacunary sequence we mean an increasing integer sequence # = (k;) such that ky = 0 and
hy := ky — k,_1 — 0o as r — oco. The intervals determined by 6 will be denoted by I, := (k,_1, k,] and the ratio
kk" will be abbreviated by g;..

r—1

For any set K C N, the number

.1
do(K) = Tlggo h—7|{k‘ €l :ke N}
is called the # density of the set K, provided the limit exists.

A sequence a = (ay) is said to be lacunary statistically convergent or Sy convergent to a number ¢ provided
that for each ¢ > 0,

1
lim h—\{k eN:lap — ¢ > €} =0.

T—00

In other words, the set K (€) = {k € N : |ay — ¢| > €} has §— density zero. In this case the number / is called
lacunary statistical limit of the sequence x = (z}) and we write Sy — lim, o a = £ or a, — £(Sp).
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Now, let us give the definition of lacunary statistical convergence on .Z — fuzzy norm space.

Definition 3.2. Let (V, p, %) be a £ —fuzzy normed space. Then a sequence a = (ay) is lacunary statistically
convergent to £ € V' with respect to u fuzzy norm, provided that, foreache € L — {0} and ¢ > 0,

do{k € N: p(ar — I, t) # A (e)} =0.
In this scenario, S@g —lima = 4.
Definition 3.2. implies the following Proposition.

Proposition 3.3. Let (V, p, %) be a £ —fuzzy normed space. Then, the following statements are equivalent, for
everye € L — {0} and ¢t > 0:

(a) Sy —lima = L.
(b) dp{k € N: plag — £,1) # A (e)} = 0.
(c) d0p{k € N:p(ar —¢,t) = N (e)} = 1.
(@ S7 —limp(ay — ¢,t) = 1p,.
Proof. The equivalences between (a), (b) and (c) follow directly from the definitions.
(a) <= (d): Note that S7 — lim a = £ means that, foralle € L — {0} and ¢ > 0 we have
do{k € N:plap — €, t) # N (e)} = 0.

On the other hand, a local base for the open neighborhoods of 1;, € L with respect to the order topology on the
lattice .Z = (L, <), are the sets
(b,lL]:{$EL:b<1}§1L}

foreachb € L — {1.}. S — lim p(ag — £,t) = 1z, if and only if, for any given b € L — {1,},
do({k € N:plap —¢,t) ¢ (b,11]}) =0
or equivalently
do({k € N: p(a — £,t) # b}) = 0.
Note that, the two statements
do({k e N:p(a — £,t) # A (e)}) =0foralle € L — {0}

do({k € N:p(ap — ¢, t) # b})=0forallbe L — {1}

are equivalent since for each e € L — {0} we can choose b € L — {1} as b = .4#(¢) and conversely for each
be L — {15} wecanchoosee € L — {01} ase = A'(b), so that b = A (A" (b)) = A4 (£). This proves that (a)
is equivalent to (d). O

Theorem 3.4. Let (V, p, #') be a £ — fuzzy normed space. If lim a = [, then S — lima = I.
Proof. Letlima = [. Then for every e € L — {0} and ¢ > 0, there is a number ko € N such that
p(ak - Evt) - ‘/V(E)

for all £ > kg. Therefore,
{keN: plag — 0,) # N ()}

has at most finitely many terms. We can see right away that any finite subset of the natural numbers has double §—
density zero. Hence,

do{k € N:plap — €, t) # AN (e)} = 0.



As can be seen in the following example, the converse of this theorem need not be true in general.

Example 3.5. Let V = Rand ¥ = (Z(R"), Q), the lattice of all subsets of the set of non-negative real numbers.
Define the function p : R x (0,00) — Z(R™") with

t
plx,t) ={reR" |2 |< ;}

Then, (R, v, Z(R™)) is a £ — fuzzy normed space. On this space, consider the sequence a = (ay) given by the
rule

1, forke (k. —In(hy), k], r €N
Qa =
g 0, otherwise;

Then,
lim dg = lim (k)

r—00 r—oco

=0

which means Sf — lima = ¢ € R, while the sequence itself is not convergent.

Theorem 3.6. Let (V,p, %) be a £ —fuzzy normed space. If a sequence a = (ag) is lacunary statistically
convergent with respect to the .2 — fuzzy norm p, then Sf — limit is unique.

Proof. Suppose that S — lima = ¢ and S — lima = (5, where ¢; # {5. For any given ¢ € L — {0.} and
t > 0, we can choose a € L — {0} such that

H(N (1), N (1)) = N (€).

Define the following sets
Ky ={k e N:plag — £1,t)) # A (r)}

and
Ko ={k € N: p(ay — la,t)) # N (r)}

for any ¢ > 0. Since for elements of the set K (¢,t) = Ki(€,t) U Ka(e, t) we have

t t
p(ly — Lla,t) = H (plar — {1, 5),0(% — Lo, 5)) = (N (1), N (1)) = N (e).
it can be concluded that {1 = /. O

Theorem 3.7. Let (V, p, %) be a £ — fuzzy normed space. Then, S@Z — lima = £ if and only if there exists a
subset X C N such that dg(K) = 1 and .Z — limy, 00 apn, = L.

Proof. Suppose that S —lim a = /. Let (e,) be a sequence in L — {0y} such that .#"(e,) — 1y, in L increasingly,
and for any ¢t > O and k£ € N, let

K(k) ={n e N:pa, —£,t) = N (ex)}
Then observe that, for any ¢ > 0 and k € N,
K(k+1) c K(k).
Since S(;(Z — lim a = ¥, it is obvious that
do{K(k)} =1,(k € Nand t > 0).

Now let p; be an arbitrary number of K (1). Then there exist numbers p2 € K (2), po > p1, such that for all n > po,

1 1
h—|n el :pla, —0,t) = N (e2)}| > 3
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Further, there is a number p3 € K (3), ps > p2 such that for all n > p3,
1 2
—Hnel,:pla, —0,t) = N (e3)}| > =
hn, 3
and so on. So, we can construct, by induction, an increasing index sequence (pg)ren of the natural numbers such

that p;, € K (k) and that the following statement holds for all n > py;:

1 k—1
h—]{n eN:pla, — 0, t) = N (ex)}| > 5

Now we construct increasing index sequence as follows:

K::{neN:1<n<p1}U[U{neK(k):pk§n<pk+1}}
keN

Hence it follows that dg(K) = 1. Now let ¢ > 07, and choose a positive integer k such that 5, < . Such a number
k always exists since (¢,) — Or. Assume that n > p; and n € K. Then by the definiton of K, there exists a
number m > k such that p,,, < n < p,,4+1 and n € K (k). Hence, we have, for every € > 0O,

plan —£,1) = N (ex) = N (€)
for all n > p and n € K and this means

& — lim a, = /.

n—oo

Conversely, suppose that there exists an increasing index sequence K = (k;,)nen of natural numbers such that
09(K) =1 and .£ — lim,,_, o a,, = £. Then, for every € > 0, there is a number n such that for each n > ny the
inequality p(ay, — ¢,t) > .4 () holds. Now define

M(e) :={n e N:play, —l,t) # N (e)}.
Then there exists an ng € N such that
M(e) CN— (K — {kn:n <ngp}).
Since dp(K) = 1, we get dg{(N) — (K — {k,, : n <ng})} = 0, which yields that 5p{ M (¢)} = 0. In other words,

S —lima = L. O

4 Lacunary Statistical Cauchy and Completeness

Lacunary statistically Cauchy sequences with respect to .2’ — fuzzy normed space will be given in this section, and
also a new concept of lacunary statistical completeness will be defined.

Definition 4.1. Let (V, p, #") be a .£— fuzzy normed space. Then a sequence a = (ay) is said to be lacunary
statistically Cauchy with respect to .Z — fuzzy norm p, if for every e € L — {0} and ¢ > 0, there exist N = N (¢)
such that for all m, & > N provided that

doik € N: pla, — am,t) # A (€)} = 0.
Theorem 4.2. Every lacunary statistically convergent sequence is lacunary statistically Cauchy.

Proof. Let a = (ay) be a lacunary statistical convergent to ¢ with respect to £ — fuzzy norm p, in other saying
S@g) — lim a = [. For a given € > 0, choose r > 0 such that,

H (N (1), N (1)) = N (€).



For ¢ > 0 we can write,

A={keN: play —e,g) - N (r))}.

Take m € A. Obviously, p(am — ¢, %) = A (r). Also since,

we have,

If we define aset B = {k € N : p(ay —

Cauchy.

Definition 4.3. Let (V, p, %) be a £ — fuzzy normed space. (V, p, #") is said to be complete if every Cauchy

P =t 5) = ol = £ =20 = plow = £.5) = A (E)
t t
plar — am,t) = p((ax — €) + (£ — am), 3 + 5)
- (plax = £ 5), (o = am, 3)

= (N (r), N (1))
- N (e).

sequence is convergent with respect to .’ — fuzzy norm p.

Definition 4.4. Let (V, p, %) be a £ — fuzzy normed space. (V, p, %) is said to be lacunary statistical complete
if every lacunary statistical Cauchy sequence is lacunary statistical convergent with respect to .£— fuzzy norm p.

Theorem 4.5. Every .2 — fuzzy normed space is lacunary statistically complete but not complete in general.

Proof. Let a = (ag) be a lacunary statistical Cauchy, but not lacunary statistical convergent with respect to .£ —

fuzzy norm p. For a given e > 0 and ¢ > 0, choose r > 0 such that

Therefore,

If we take aset A = {k € N : p(ap — an,t) > €}, then dg(A) = 1 and thus Jp = 1. Since a was lacunary
statistical Cauchy with respect to .£— fuzzy norm p, this is a contradiction. So, a has to be lacunary statistical

AN (1), N (1)) = N (€).

plan = ans 1) = A (plag — 6,5, plag = £,5))
AN, ()
— N (e).

convergent. Therefore, every .2 — fuzzy normed space is lacunay statistical complete.

In order to show that an .¥— fuzzy normed space is not complete in general, we give the following example:

Example 4.6. Let X = C[0, 1], L = [0, 1] and

Then, (X, p, L) is .Z— fuzzy normed space. However, in this space if we take ( f,,) where,

It is obvious that even though the sequence ( f;,) is Cauchy, not convergent with respect to . — fuzzy norm p.

t

P(fJ):m-

fn:0,1] = R, fr(z) = 2™.

am,t) = A ()}, then A C B. Since dg(A) = 1, p(B) = 1. Thus,
the theta density of complement of B equals to zero,i.e. d9(B¢) = 0, which means a = (ay) is lacunary statistical



Theorem 4.7. Let (V,p, ") be a £ — fuzzy normed space. Then, for any sequence a = (ag), the following
conditions are equivalent:

(a) aislacunary statistical convergent with respect to . — fuzzy norm p.
(b) ais lacunary statistical Cauchy with respect to . — fuzzy norm p.
(¢) £~ fuzzy normed space (V, p, ") is lacunary statistical complete.

(d) There exists an increasing index sequence K = (k) of natural numbers such that dg(K) = 1 and the
subsequence (g, ) is a lacunary statistical Cauchy with respect to .2 — fuzzy norm p.

O

5 The Relationship Between Lacunary Statistical Cauchy and Lacunary Statisti-
cal Bounded Sequences

In this section, the notion of lacunary statistical bounded sequences will be defined and relationship between lacu-
nary statistical Cauchy and lacunary bounded sequences will be given.

Definition 5.1. Let (V, p, %) be a £ — fuzzy normed space and a = (ay) be a sequence. Then a = (ay) is said to
be lacunary statistically bounded with respect to .Z— fuzzy norm p, provided that there exists » € L — {0, 1}
and ¢ > 0 such that

do{k € N: p(ay,t) # A (r)} =0

for each positive integer k.

Theorem 5.2. Every bounded sequence on a . — fuzzy normed space (V, p, %), is lacunary statistically bounded.

Proof. Let a = (ay) be a bounded sequence on (V, p,.#"). Then there existt > 0 and r € L — {0, 11} such that
p(ag,t) = A (r). In that case we have,

[k € N: plagt) # N (1)} =0

which yields
do{k € N: p(ag,t) # A (r)} = 0.
Thus, (ag) is lacunary statistically bounded. O

However the converse of this theorem does not hold in general as seen in the example below.

Example 5.3. Let V = R and .¥ = (L, <) where L is the set of non-negative extended real numbers, that is
L =[0,00]. Then 07, = 0, 1;, = oc. Define a £ — fuzzy norm p on V by p(x,t) = ﬁ for z # 0 and p(0,t) = 0o

for each ¢ € (0, 00). Consider the t— norm .# (a, b) = min{a, b} on .Z. Given the sequence,

n, if n is prime number
Tn = 1 th .
m , otherwise.

where 7(n) denotes the number of positive divisors of n. Note that () is not bounded since for each ¢ > 0 and
r € L — {0, 00}, for any prime number n such that ¢ < n we have

p(Tn,t) = p(n,t) = EX =



However for ¢ = 1 and any non-prime integer n, » = 2 satisfies

plan1) = plrs—5.1) = |(1)| = Ir(n) 2 > £ = H(r)

since 7(n) # 2 for any non-prime n.
Let kp = O and for n > 1, k, = 10" ! and p,, be the number of primes in I,,, where for n > 1, I,, =
(10"=2,10"1] and I; = (0, 1]. Therefore, we have
, R . Pn
do{k € N: p(zg, 1) # N (2)} = nh_}rgo o nh_)rgo 9102
Assume that, dp{k € N : v(zy,1) ¥ A(2)} > 0, then lim,, 00 55— = € implies that lim,, o0 g7z = 9e.
Therefore, lim,, 0 % = %. Hence,
- 9¢
lim Pk > lim Pn _ 5
n—o00 P 10n—1 n—oo 10n—1 10

> 0.

However, since the limit on the left is the density of primes in natural numbers, this limit should be 0 according to
the prime number theorem. In other words, this is a contradiction. So

do{k € N: p(xg,1) # A(2)} =0
suggesting that (x,,) is lacunary statistically bounded.

Theorem 5.4. Every lacunary statistically Cauchy sequence on a .# —fuzzy normed space (V, p, ') is lacunary
statistically bounded.

Proof. Let a = (ay) be a lacunary statistically Cauchy on (V, p, ). Then for every e € L — {0} and ¢t > 0,
there exist N = N (¢) such that for all m, k > N provided that

dp{n € N: p(a, — ag,t) # A (e)} =0.
Then,
dp{n € N: p(an — ag,t) = A (e)} = 1.
Consider a number n € N such that p(a,, — a, 1) = 4 (€). Then for t = 2
plan, 2) = plan — ax + ax, 2) = A (p(an — ax, 1), plax, 1)) = A (A (€), pla, 1)).
Say r := A (# (AN (€), plak, 1))). Then
plan,2) = H (AN (€),plag, 1)) = A (1),
which implies
do{n € N: p(an,2) - A (r)} =1
or equivalently
do{n € N: p(an,2) # A (r)} =0

giving lacunary statistically boundedness of (a,). O

6 Conclusion

In this study, the concepts of lacunary statistical convergence, lacunary statistical Cauchy, lacunary statistical com-
pleteness and lacunary statistical limitation on L— fuzzy normed spaces, which are a generalization of fuzzy
normed spaces, are given, and the relationships between them are given. Some new ideas have also been de-
fined, as well as some of the links between them. These findings may be combined with the lattice structure and
the normed space structure, allowing a wider range of topological vector spaces to benefit from the convenience
afforded by a variant of the notion of norm. In another study, these relationships can be examined by transferring
them to double and triple sequences.
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