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Abstract

In the present paper. two effective numerical schemes depending on a second-order Strang
splitting technique are presented to obtain approximate solutions of the one-dimensional
Burgers™ equation utilizing the collocation technique and approximating directly the solution
by multiquadric-radial basis function (MQ-RBF) method. To show the performance of both
schemes, we have considered two examples of Burgers' equation. The obtained numerical
results are compared with the available exact values and also those of other published methods.
Moreover, the computed L2 and L error norms have been given. It is found that the presented
schemes produce better results as compared to those obtained almost all the schemes present
in the literature.
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1 Introduction

In this study, we will deal with the numerical integration of the one-dimensional Burgers’
equation

du 8 u? a2u
§+$(7):U—WE)X‘Z. (x.1) € (0,1) x (0, T], (1.1)
with the initial condition

u(x,0) =ug(x), 0<x<l1, (1.2)
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and the boundary conditions
wO,0) =ui(t), u(l,t)=ur() 0=<r<T, (1.3)

where x and r are space and time variables, respectively, T is the total time, v > 0 is known
as kinematic viscosity parameter, and uo(x), u(f), and u2(t) are the given functions, such
that ug(x) is sufficiently smooth.

Equation (1.1) was first proposed by Bateman (1948) and later treated by Burger (1948)
which was solved analytically with a restricted set of initial and boundary conditions in
terms of infinite series using Hopf—Cole transformation (Hopt 1950: Cole 1951). Burgers’
equation has been studied in different fields of research such as nonlinear and shock wave,
molecular dynamics, gas dynamics, traffic flow, and cosmology. On the other hand. the
performance of many algorithms can be compared by using the known analytical solutions
of the Burger’s equation. Therefore, many numerical techniques particularly based on finite
difference. finite-element. and spectral methods Fletcher 1983; Kutluay et al. 1999; Ozis
et al. 2003; Kutluay et al. 2004; Hassanien et al. 2003; Ozis et al. 2005; Acedo 2006; Liao
2008; Sari and Gurarslan 2009; Xie et al. 2010; Li et al. 2012; Inan and Bahadir 2013;
Cordero et al. 2015 have been applied to solve Egs.(1.1)—(1.3). Recently. Bonkile et al.
(2018) have reviewed a brief history from physical and mathematical point of view and recent
developments in numerical simulation of the Burgers” equation. Hon and Mao (1998) tailored
an efficient numerical scheme for the Burgers” equation with shock wave applying the MQ-
RBF as a spatial discretization scheme and a low-order explicit finite difference scheme for the
discretization of the time variable. Chen and Wu (2006) tailored a scheme to obtain numerical
solution of the Burgers™ equation using the derivative of the quasi-interpolation and a low-
order forward ditference to approximate the spatial and the time derivative of the dependent
variables, respectively. Haq et al. (2009) presented classical RBFs collocation method to find
approximate solution of the nonlinear dispersive and dissipative KdV-Burgers’ equation. Haq
etal. (2012) applied a meshless method of lines using MQ. Gaussian and cubic RBFs for the
numerical solution of the Burgers-type equations. Islam et al. (2012) presented Local Radial
Basis Functions Collocation Method (LRBFCM) for the numerical solution of the transient
nonlinear coupled Burgers® equations with large values of Reynolds number. Xie and Li
(2013) tailored a new scheme to solve the one-dimensional Burgers® equation numerically
by using the MQ-RBF for spatial approximation and a second-order compact finite difference
scheme for temporal approximation. Xie et al. (2013) also proposed and implemented the
method of particular solutions using inverse MQ and polyharmonic RBFs based on the
finite difference scheme in time to solve one-dimensional time-dependent inhomogeneous
Burgers™ equation. A meshless method for the computation of a numerical solution of the
unsteady Burgers-type equation based on thin-plate spline RBF was discussed in (Bouhamidi
et al. 2014). Fan et al. (2014) proposed a meshfree approximation scheme derived from a
combination of the MQ-RBF collocation method and the fictitious time integration method
to approximate the solutions of the two-dimensional Burgers’ equations. Sarboland and
Aminataei (2014) presented two meshtree methods for solving the one-dimensional nonlinear
non-homogeneous Burgers® equation using the MQ quasi-interpolation operator and direct
and indirect radial basis function network schemes. Xie et al. (2016) suggested a meshfree
scheme by utilizing the finite difference and the MQ-RBF method, for solving the Burgers’
equation numerically.

Seydaoglu et al. (2016) obtained the numerical solutions of Burgers’ equation using high-
order splitting methods combined with spectral methods, finite difference, and Weighted
Essentially Nonoscillatory (WENO) schemes. Sart et al. (2019) proposed higher order
splitting schemes based on cubic B-spline Galerkin finite-element method to approximate
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solutions of the Burgers’ equation model. Ozer (2019) proposed the operator splitting tech-
niques based on the quintic B-spline collocation finite-element method to obtain numerical
solutions of the Rosenau—KdV-RLW equation. Strang splitting method and high-order split-
ting methods based on extrapolation technique were performed to approximate the solution
of nonlinear coupled system viscous Burgers® equation in (Yagmurlu et al. 2020). Cicek
and Korkut (2021) used the Lie—Trotter splitting method (LSM) to solve the generalized
Burgers—Huxley equation (GBHE) numerically.

In this paper, Eq. (1.1) is considered to solve numerically by a second-order Strang splitting
technique combined with two different schemes. In both schemes, the MQ-RBF collocation
method is performed to discretize Eq.(1.1) in space. The resulting system is then solved
by applying the Crank—Nicolson finite difference approximation in the first scheme. In the
second scheme, the nonlinear component of the split equation is solved by the classical
fourth-order Runge—Kutta method.

The rest of this study is organized as follows: We first give a brief description of the Strang
splitting method in Sect.2 and then present the numerical schemes based on the MQ-RBF
in Sect. 3. We perform the proposed combined schemes to the Burgers™ equation mentioned
before, and discuss the obtained numerical results, in Sect. 4.

2 A brief description of Strang splitting method
Take into consideration the nonlinear differential equation

du

m =Ci(u)+ Car(u) = C(u), te(0,7T]

u(0) = (2.1)
where C. Cj, and C» are unbounded operators, and uq is a given function. The semi-
discretized version of Eq. (1.1) is clearly an example of the form (2.1).

The principal idea of the time-splitting methods is that: first, split Eq.( 2.1) into sub-
equations as

du

—=C b

= 1)

du_C()_ )
il 2(u); (2.2)

second, solve each sub-equation exactly or approximately using a suitable method and finally
combine the solution of each sub-equation using the Strang splitting technique to find out the
solution of the original problem. Let @ ,E” and @!,2] be solution operators of each sub-problem
in (2.2) for time-step size &, such that um(f + k) = @,E”(u(r)) and ul?(r + k) = @Lz](ti(t))
(Blanes and Casas 2016). Next, the second-order Strang splitting method is given in terms
of a combination of (DAI,H and @El as

Unir = B A@N D] () (2.3)

with u(1,) = u, (Blanes and Casas 2016). The Strang splitting method is tailored by com-
posing the Lie—Trotter method and its adjoint with the step size divided by two. Thus, the
Strang splitting scheme is symmetric and of order 2 (Hairer et al. 2006).
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3 Numerical schemes based on the MQ-RBF

In this section, we will consider two numerical schemes based on the RBF method which will
be used to approximate the solutions of each sub-equation (3.5) and (3.4). The idea behind
such method is to represent the distribution function u(x) as a linear combination of N + 1
continuously differentiable radial basis function, that is

N
u(x)%legbj(x). x e CRe, (3.1)
j=0
where N is the number of distributed points, x = (xg, xj, ..., X4_1), d is the dimension

of the given problem, 2 ; are unknown coefficients which are going to be determined using
the collocation technique, and ¢ is a RBF (Kansa 1990a,b). In this paper, for the numerical
schemes, we will use the MQ-RBF given as

Pj(x) = ‘/r} + 2, (3.2)

where rj = ”\ —X;j ” denotes the Euclidean norm and ¢ is a positive shape parameter which
controls the shape of RBF. Therefore, the choice of ¢ plays a crucial role for obtaining accurate
solutions. The choice of its value is still an open research topic and most researchers use trial
and error.

3.1 Scheme-A (S-A) for sub-equations

Let us take into consideration the viscous Burgers® equation (1.1) of the form

2
Uy + (%) = Vlyy., w(x,0) = up(x). (3.3)
X

P

To employ splitting technique, Eq.(3.3) split into two sub-equations known as the diffusion
equation

Ui = Viyy, w(x,0) = ug(x) (3.4)
and inviscid Burgers’ equation
u?
Uy = — (—) 3 w(x,0) = ug(x). (3.5)
2 X

to obtain its approximate solution by combining the solutions of Egs. (3.4) and (3.5). If one
denotes the exact (or accurate numerical) solution of Egs. (3.5) and (3.4) by the maps dﬁi[cl] and

@L‘]. respectively, next the approximate solution of (3.3) by the Strang splitting technique
for small time-step k is given as

u(x, k) = QD/EI/]Q(@F](@JE,I/]Z“O(‘U))'

Let us discretize (3.4) using the Crank—Nicolson type approximation to obtain

n+1 n n+1 n
u ) R
r v 3 . n=>0, (3.6)
where k = "1 — 1" is the time-step and " = u(x, nk). Equation (3.6) can be rewritten as
kv kv
n+1 n+l _ n n 3
" - 711” =u" + T”“' n=>0. (3.7)
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Following (Hon and Mao 1998). one can approximate the u™! at each time iteration n + |
using the modified MQ-RBF by Kansa (1990b) as follows:

N
W) &y 00 + AR x AT a8
=0

where ¢;(x) = /(x f.rj)zﬂkcﬁ. x;j = j/N.j=01.... N are N + 1 distinct and
uniformly distributed points over the solution range [0. 1]. The ¢; are referred to as shape
parameters and their values are the cornerstone of the accuracy of the approximation. The
values of ¢; is computed by the formula

cj=Mj+b, j=0,1,...,N, (3.9)

in which M and b are parameters to be chosen, such that the error drops to the minimum
(Hon and Mao 1998). Additionally, Hon and Mao (1998) developed an adaptive MQ point
selecting approach depending on “chasing the peak’ of the shock wave in the presence of
small viscosity. The (N 4+ 1) points x; in (3.8) are taken as x; = jx*/L. j =0.1....,L
andx; =x*+(j — L)1 —x*/(N—-L). j=L+1),.... N where du”" ' (x*)/dx = 0.
However, the point x* is computed with Newton's iterative scheme as

du" ! (x} ) /dx

* *
new =Xgjd — e 5 (3.10
neu old d2unt! (".Z[d)/d".z )

where the initial iteration at each time-step 1 + 1 is the x™ calculated by the usage of the last
step in time n.
However. the second derivative of the approximate solution is given as

2

N 2
n+ly 4~ n+1 d- e
d.rzu (.\)NZJLJ. mqﬁj(,\). (3.11)
Jj=0
To calculate the N + 3 coefficients 2"! at each time level n + 1, one can consider the
boundary conditions (1.3) which yields the following two equations:

u"(xg) = u'f“. W ley) = uf,_“”. (3.12)
and then collocate w1 at the remaining (N + 1) distinct and uniformly distributed points
Xi = 5z in (0. 1) using Eq. (3.7 ) to obtain

k k
u" gy — %uﬁf(.?;) = u"(%;) + ?Uu.’;x(.f,-). (3.13)

where HO(J?,-) =up(x;) fori =1,2,.... N + 1. Finally, the coefficients )\.l;-+j are obtained
by solving the resulting system of (3.12) and (3.13).

Now, let us discretize Eq. (3.5) and use again the linearized Crank—Nicolson-type approx-
imation to obtain

n+1 n n,,n+l n+l, .n
u —U uu +u u
=-——1= L n>0, (3.14)
k 2
or
n+1 k n+l n k n on+l _ n =0 (3.15
u +5” u_x—l—gu u, =u", n=0. 3.15)
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n+1

Let us approximate u and its first derivative at each time iteration n + 1 with (3.8) and

N
d d
1y e +1 o +1 S
a”n (x) ~ ?_O}J} LSy + AN (3.16)

respectively. To calculate (N + 3) coefficients A"*! at each time level n + 1, one has two
equations (3.12) obtained from the boundary conditions (1.3), and then, the remaining (N +1)
equations can be obtained by collocating u” ! atthe (N + 1) distinct and uniformly distributed
points X; = i/(N +2)fori =1,2...., N+ 1in (0, 1) as

k k
& + Eu"“(,{',j)uf;(_f;) + ilt”(.i',')ufrl(i,-) =u"(%), n=>0. (3.17)

The coefficients A" are obtained by solving the resulting system of (3.12) and (3.17). To
solve the obtained systems in this subsection, one can use Gaussian elimination with partial
pivoting.

3.2 Scheme-B (S-B) for sub-equations

In this scheme, Eq. (1.1) is transformed into a system of ODEs by discretization of the space
variable with the MQ-RBF method. Next, the obtained system of ODEs is split into two
sub-equations and the approximate solutions are found by the second-order Strang splitting
technique (2.3). One can approximate the function u#(x., 1) as follows:

N
WM, 1) =" hj0e(x) = ST (R, (3.18)
j=0

where ¢;(x) is the MQ-RBF given by Eq.(3.2). x; = j/N. j =0.1...., N are (N + 1)
distinct and uniformly distributed points in the interval [0, 1] and

& (x) = (Po(x). 1 (x). ... on DT . A= (o). A (). ... v’ (3.19)

However, the first and second derivatives of the function u™ (x, ) are given as

N
Y, d
S :Z,\j(r)aq&j(.\-). (3.20)
j=0
and
92 N 4 d>

respectively. If one denotes uN (xi 1) = u;(r) = u(x;. 1), fori = 1,.... N, then Eq.(3.18)
reads

Al =u, (3.22)
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where u = (uo(t), u1(t). ..., un(t)) and
&7 (x ¢0(_r0) ¢1(x0) ... @dn(x0)
A= . = : : %, : ; (3.23)

d"'T(:—‘-'N) do(xn) d1(xn) ... pn(xN)

Using the above notations, one can obtain the following equality from Eqs. ( 3.18) and (3.22):
WV, 1) =T (A 'u = D(x)u, 3.24)
where D(x) = @T(.x)A71= (Do(x), Dy(x), ..., Dy (x)). From the definition of the RBF

approximation, we have .
N
u(x,t) ~ uN(x. )= ZAj(r)qu(_r) =¢T(x)r = dﬁT(.r)A*lu = D(x)u. (3.25)
Jj=0

Inserting (3.25) into (1.1} with the collocation ul (x.t) at (N + 1) distinct and uniformly

distributed points x; = & fori =0, 1,..., N in [0, 1] yields
du; (1)
ér +u; () (D (x)u (1)) = v(Dyy (x))u (1)), (3.26)
where
a a a
Dy(x;) = [ —Do(xi), — Di(xi), ..., —Dn(xi) ), (3.27)
ax d.x 0x
52 52 52
Dy (x;) = (ﬁDO(-’fI)« ﬁDl(k‘,) ----- o2 DN(Y.")) : (3.28)
For simplicity, Eq. (3.26) can be rewritten in the following form:
dU(t
= ) + U@ (D U@ =vD U, (3.29)
L T2 D iy 122 pe
where U=(ug. uy. ..., i) and Dx_[ﬁDf("’)](NH)x(NH)’ D”_[aTlDJ ('\’):I(N+:)x(N+l)'

Here, the symbol “x” represents element-wise multiplication of two vectors. Now, we split
Eq.(3.29) into two sub-equations as

W& _,p_ve. (3.30)
ar

du (1)
2 = U@+ (DU, 331)

The solution of Eq.(3.30) can be read as follows:
U(t) = exp(v D, 1)U (0),

where the exponential of matrices can be computed using an efficient method based on
scaling-squaring Padé or Taylor algorithms (Al-Mohy and Higham 2009; Sastre et al. 2014,
Bader et al. 2015). We have used scaling-squaring Padé algorithm presented in (Al-Mohy
and Higham 2009) to compute exponential of matrices. This algorithm implemented in the
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expm MATLAB routine. On the other hand. Eq.(3.31) can also be rewritten in the following
form:

dU(r
) =FU®),
dr
where F(U (1)) = —U (t)*(D,U(t)) and one can solve this equation by utilizing the classical

fourth-order Runge—Kutta method as follows:
_S] = F(Up).
k
&= FU, + 35])-

k
53 = F(Un + 552)
&4 = F(Un + k&),
l
U1 =Up + gk(él + 28 + 28 + &), (3.32)

where n and k represent n'”" time level and time-step, respectively. Once the solutions of
Eqgs. (3.30) and (3.31) are computed, then Eq.(3.22) is used to obtain X. On the other hand,
we deal with the system of ODEs in time. The Rule of Thumb yields accurate predictions
of the stability, that is, the eigenvalues of the spatial discretization operator must lie in the
stability region of the Runge—Kutta method (Trefethen 2000). Thus, one needs to use small
time-steps. Notice that the splitting technique allows us to split Burgers™ equation into the
linear and nonlinear parts. The linear part corresponds to Eq.(3.30) which is a stiff system
of ODEs and it constraints the stability. We solve the linear part exactly and this can offer
the possibility to use larger time-steps.

4 Numerical results

In the present section, we are going to consider two test examples, so that each one has an
analytical solution. All computations were executed using MATLAB R2013 a software on a
Intel(R) Core(TM)i7-4500U CPU 1.80GHz machine with 8 GB of memory. To measure the
accuracy of the presented schemes for each example, we will use the error norms L> and L
described

5 1/2

8x Z(u’}”m = u(xj, )2
=

L>

Loo = max |ui}“'"

—ulxj, ).
1=j=N

Example 1 As a first test problem, we consider the Burgers’ equation (1.1) over [0, 1] with
the following initial condition:

u(x,r =0) = sin(mx), (4.1)
and the boundary conditions

ux=0,t)=ulx=1,1) =0, > 0. 4.2)
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The analytical solution for the problem can be expressed by utilizing the Hopf—Cole trans-
formation (Hopf 1950; Cole 1951) as

Zﬁil Cn exp(—nzrfz vt)psin(nmx)

u(x,t) =2vmw (4.3)

co + Zfﬁl C,,exp(—nz;rrzur)cos(n;rrx)'

where
1
cp = f exp{—(var] [1— cos(}n‘)]} dx,
0

1
Crii= 2] exp {—(27{ u)_] [1— cos(Jr.\‘)]} cos(nmx)dx, n=1,2,3...). (4.4)
0

As the second test problem, we consider the Burgers’ equation (1.1 ) over [0, 1] with
u(x,t =0) =4x(1 — x), (4.5)

and (4.2). The analytical solution of the present problem is expressed by (4.3) with the
following coetficients:

1
cy = f exp {—.1'2(31))"(3 — Z.r)}d.\‘.
0

1
Oy = 2] exp {7_‘_2(3‘))—1 3 — 2.\‘)}cos(im.r)d.x. n=1,2,3..). (4.6)
0

For S-A, we have used the same values of parameters given in Hon and Mao 1998 for M,
b for all time-step k in the numerical results shown in Tables 1-6. In other numerical results,
we selected the value of the shape parameters by trial and error. Good agreement between our
approximate results and the analytical solutions can be clearly seen from all the presented
tables.

Table 1 displays a comparison of the computed numerical solutions of Example | using
two presented schemes S-A and S-B at time 7 = 0.02 for v = 10, N = 10, k£ = 0.001,
0.0001 with the analytical one and also other results reported in (Hon and Mao 1998; Xie and
Li2013). We have used the values M = —0.2, b = 2.5 in S-A and shape parameter ¢ = 0.48
for k = 0.001 and ¢ = 1.73 for k = 0.0001 in S-B. The numerical results found out by this
manuscript are in good agreement with analytical solutions. We have compared our results
with the reported ones which are obtained using schemes S-I and S-1IT in (Xie and Li 2013).
S-T1s proposed to solve the Burgers’ equation using MQ-RBF for space discretization and a
second-order compact finite difference scheme for time discretization. Furthermore, S-II is
based on the method of lines. As seen in Table 1, our scheme S-B gives more accurate results
in comparison with the results given in S-I (Xie and Li 2013) and S-A yields a similarly
accurate results to S-T'in (Xie and Li 2013) for time-step k = 0.001. Because of the stability
restriction, the scheme S-1I in (Xie and Li 2013) does not give results for k = 0.001, but the
scheme S-B gives accurate solutions. On the other hand, S-A and S-B provide a similarly
accurate solution in comparison with the results given in S-I (Xie and Li 2013) and yield
more accurate solutions than those reported in (Hon and Mao 1998) and S-II (Xie and Li
2013) for k = 0.0001.

Table 2 illustrates the obtained numerical solutions of Example 1 by both presented meth-
odsattime T = 1 forv = 0.1, N = 10, k = 0.1, 0.01 with analytical solutions and those
given in (Hon and Mao 1998; Xie and Li 2013). We have used the values M = —0.2¢,
b = 2.4 forall k in S-A and the values of shape parameter as ¢ = 0.3, ¢ = 0.84 for k = 0.1,
k = 0.01, respectively, in S-B. The approximate values found out by the present manuscript
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are in good agreement with analytical ones. From Table 2, it is found that the results given
in S-I (Xie and L1 2013) are better than others for & = 0.1. However, the solutions obtained
with S-B are much better than the solutions reported in (Hon and Mao 1998; Xie and Li
2013) for k£ = 0.01. Furthermore, the results obtained by S-A are similar with those in S-1
(Xie and Li 2013) and better than those in S-II (Xie and Li 2013) for k = 0.01.

Tables 3—4 present a comparison of the numerical results of Example | found out by S-A
at final times T = 1, 0.5 for values of v = 0.01, N = 10, k = 0.1, k = 0.01, &k = 0.001
using M = —0.2e, b = 2.22 for all k with the analytical ones and also those reported in
Hon and Mao 1998; Xie and Li 2013: Zhu and Wang 2009. It is observed that the presented
scheme S-A provides much better results than those given in (Hon and Mao 1998:; Xie and
Li 2013; Zhu and Wang 2009).

In Tables 5 and 6, we have compared the results of Example | obtained by S-A proposed
in this study combined with and without adaptive MQ given in (Hon and Mao 1998) with
the accurate results presented in (Christie and Mitchell 1978) and the best results reported in
the (Hassanien et al. 2005; Hon and Mao 1998; Chen and Wu 2006; Iskandar and Mohsen
1992: Christie and Mitchell 1978; Zhu and Wang 2009) on the data set T = 1, v = 0.0001,
N=10,k=0.1,k=0.01 and M = —0.2¢, b = 2.205 for all k. One can see from Table 5
that S-A gives better accuracy for all k. Table 6 shows the scheme S-A (Adaptive) which
provides higher accuracy for & = 0.1, similar accuracy with Hon and Mao 1998 and better
accuracy than those given in Hassanien et al. 2005; Chen and Wu 2006; Caldwell et al. 1987,
Zhu and Wang 2009 for &k = 0.001.

Table 7 compares the approximate solutions of Example 1 obtained by algorithms S-A
and S-B with the analytical ones and those reported in (Kutluay et al. 1999, 2004; Hassanien
et al. 2005; Liao 2008; Wang and Lu 2005; Venkatesh et al. 2017; Xu et al. 2011) on the data
set T =0.1,v=1,N=10with k =0.01, M = —0.2e, b = 2.5 for S-A and ¢ = 1.89,
k = 0.001 for S-B. From the table, it is seen that even for large time-step and less number
of collocation points, S-B has better accuracy than the others. Notice that S-A also shows
superior performance to the others even with larger time step.

Table § illustrates a comparison of the numerical results of Example 1 obtained by S-A
and S-B with the analytical ones and also those given in (Kutluay et al. 1999; Ozis et al.
2003, 2005; Jiwari and Alshomrani 2017)at 7 = 0.4, 0.6, 0.8, | for v = 0.1, N = 10 with
k = 0.01 for Example 1. We have used the parameter values M = —0.2¢. b = 2.1 in S-A
and e = 0.29, ¢ = 0.3, ¢ = 0.89, ¢ = 0.82 at times T = 0.4, 0.6, 0.8, 1, respectively, in
S-B. It is observed from Table 8 that the accuracy of S-A is similar and sometimes better
than the results presented in (Kutluay et al. 1999; Ozis et al. 2003) even for large step size.

In Table 9, we have compared the numerical results of Example 2 obtained by S-A and
S-B with the analytical ones and those given in Jiwari 2015 for v = 0.1, 0.01, N = 10 with
k = 0.001. We have used the parameter values M = —0.2, b = 2.1,2.3,2.3,2.3. 2.5 for
v=0.1and b = 2.204,2.199.2.17,2.174,2.063 forv = 0.0l at T = 0.4,0.6,0.8, 1, 3,
respectively, in S-A and ¢ = 0.304, ¢ = 0.306, ¢ = 0.320, ¢ = 0.825, ¢ = 0.826 for
v=20.1and c = 1.854, c = 1.959, c = 1.958, ¢ = 2.071, ¢ = 0.352 for v = 0.01] at
the preselected times 7' = 0.4, 0.6, 0.8, 1, 3, respectively, in S-B. It is observed from Table
9 that the accuracy of S-A is the best for v = 0.1. On the other hand, S-A is similar and
sometimes better than the results presented in (Jiwari 2015) for v = 0.01.

Table 10 displays the computed numerical results of Example 2 by both algorithms
S-A and S-B for v = 0.1, N = 10 and &k = 0.01. We have taken M = —0.2e,
b = 2.095,2.097,2.097,2.098, 2.304 for T = 0.4,0.6, 0.8, 1, 3, respectively, in S-A and
¢ =0.332,¢c=0321,¢c = 0.324, ¢ = 0.332, ¢ = 0.819 at times t = 0.4,0.6,0.8, 1, 3,
respectively, in S-B. The obtained results have been compared with the analytical ones and

@ Springer jbﬁﬂ\jﬁ
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Fig. 1 Physical nature of the approximate solutions u(x, ) of Example | for v = | with S-B (left) and

v = 1/10000 with S-A (right) at the preselected final times ¢t with k = 0.001 and N = 500

also those given in Kutluay et al. 2004 Ozis et al. 2003; Kadalbajoo and Awasthi 2006; Jiwari
and Alshomrani 2017. As seen in Table 10, the S-A produces better results among others.

Table 11 presents the computed results of Example 2 using S-A and S-B for v = 0.01,
N = 10. We have considered M = —0.2e. b = 2.178,2.025.2.022,2.014, 2.034 for
T = 04,0.6,0.8, 1,3, respectively, and k = 0.01 in S-A and ¢ = 1.744, ¢ = 1.727,
¢ =1841,¢c=1.905,¢c=0.223attimes T =0.4,0.6, 0.8, 1, 3, respectively,and k = 0.001
in S-B. The obtained results have been compared with the analytical ones and also those given
in Kutluay et al. 2004: Kadalbajoo and Awasthi 2006; Jiwari and Alshomrani 2017 in Table 1 1.
It is observed from the table that the results reported in (Jiwari and Alshomrani 2017) are
better and S-A produces more accurate results than (Kutluay et al. 2004; Kadalbajoo and
Awasthi 2006).

Tables 12-14 display a comparison of the Ly and L« error norms of Example | using S-A
and S-B with the results reported in (Mukundan and Awasthi 2015) for v = 1. k = 0.001,
v=20.1,0.01, k =0.01 and N = 10. We have used the parameters in S-A as M = —0.2¢,

b = 2.221,2.068 at, respectively, T = 1,2 forv =1, M = —0.2¢,b = 2.311,2.314 at,
respectively, T = 3,35 forv = 0.1, M = —0.2e, b = 2.084 at times T = 5,5.2 for
v = 0.05. On the other hand, we have used the parameters in S-B as ¢ = 1.76 at times
T =12forv=10c=221attimes T = 3,35 forv = 0.1, and ¢ = 1.0] at times

T =5,52 for v = 0.01. It can be seen from the tables that S-A produces better accuracy
than those reported in (Mukundan and Awasthi 2015).

We have showed the physical behavior of the Example | for schemes S-A and S-B in
Figs.2 and 1 for different values of v at different times. We plot our numerical results for
xj = j/500, j =0.1,...,500.It can be seen from the figures that the introduced schemes,
S-A and S-B. work well and show nonlinear steep characteristics of the problem for small
viscosity.

5 Conclusions

Two effective numerical schemes based on the second-order time Strang splitting method
together with the finite difference, Runge—Kutta, and collocation techniques using the
multiquadric-radial basis function are proposed for the numerical integration of the one-

@ Springer I[D“[F/\WK



309 Page260f28 M. Seydaoglu et al.

1.2 T T T T T T T T 1.2 T T T T T T T T T
1f 1
t=0.0 t=0
0.8 0.8
t=0.2 04
%06 t=04 X 06 Zo
E E -
t=086 =0
0.4 =08 0.4 t=1.0
t=1.0
0.2f 0.2
t=3.0
! L 1 1 L ! ! I ! 0 I I 1 I I ! L ! L
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
X

X

Fig. 2 Physical nature of the approximate solutions u(x.?) of Example 1 for v = 0.1, k = 0.01 with S-A
(left) and Example 2 for v = 0.01, k£ = 0.001 with S-A (right) at the different final times # with N = 500

dimensional Burgers’ equation. Splitting methods can be used if the vector field of the
problem can be split into several pieces and each of them can be solved easier than the orig-
inal one. Thus, in the case of the inviscid Burgers™ equation, it is not possible to apply the
Strang splitting method. The presented schemes based on these combinations are utilized on
two examples of the Burgers™ equation and the computed numerical results are compared to
the analytical ones and also existing results. It is observed that the present schemes produce
generally high accurate results for different values of viscosity as compared with those in
the previous methods. It is also observed that the obtained the error norms given by L, and
L~ are small enough. Moreover, both schemes are able to exhibit steep characteristics of the
Burgers™ equation for small values of viscosity. As a conclusion, the presented method may
be used for the solution of these types of nonlinear partial differential equations.

Acknowledgements The authors would like to thank the editor and the anonymous reviewers for their valuable
comments and suggestions.
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