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ABSTRACT

In the context of multisets, concepts such as multinumber, multimetric, multinorm, and multitopology have
been examined, leading to the development of analytical tools that involve inequalities with a finite number of
strengthened layers of truth. By establishing certain connections between these structures, the concepts have
been clarified, thus laying the foundation for a theory open to further development.
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1 Introduction

Multisets are mathematical entities that both generalize and enrich sets, which constitute one of the most
fundamental concepts in mathematics. An element may or may not belong to a set, but when it does, the
question of how many instances of that element are present lies beyond the scope of classical set theory.
Multisets, however, not only provide information about the elements but also indicate how many of each are
present. This characteristic provides a more comprehensive tool for some mathematical models, making
multisets a key concept, particularly in discrete mathematics.

Multisets frequently appear in combinatorics in contexts where elements may occur repeatedly, such as
in permutations and combinations, and they offer advanced counting techniques to solve complex problems
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(8,137, 138]. In connection with this, multisets also have a broad range of applications in probability theory.
In the context of storing and processing repeated data, multisets are useful in nearly all branches of statistics
and also in computer science in many subjects such as decision making [30, 31, 46], automata theory
[12, [16], coding theory [35], formal methods [34]], artificial intelligence [36], multi-agent systems [/],
formal languages [12], and they find applications in many other diverse areas [4, 9, [10].

On the other hand, multisets are studied mathematically in their own right and are explored in algebraic
[2, 13015, 19, 28], 143] 49| 53], logical and set theoretic [6, [11, 18, 29, 41, 48], graph theoretic [9, 10, 22],
topological [21} 27, 150], lattice theoretic [30, 53], and analytical [[15] contexts. Multisets can be thought
of as philosophically, if not formally, dual to fuzzy sets, considering that one strengthens the degrees of
membership while the other weakens it. Ultimately, there is a fuzzy multiset concept that combines both
approaches [39]. However, research on multiset-based mathematical concepts remains limited, compared
to the advancement and proliferation of fuzzy mathematics.

Here, we introduce multinumbers, which are finite multisets of real numbers, independently of other
concepts with similar names in the literature, and we construct a partial ordering and algebraic operations
such as addition, and scalar multiplication on them. By extending real numbers in this way, we gain the
ability to assign multilayered logical truth values to inequalities. This approach gives rise to the concept of
multimetric, which is a tool that allows us to assign more robust or reliable layers of truth, in the sense that
while it is true that the distance between two points is smaller than a certain value, a higher degree of truth
is yet possible for being less than a larger value.

In addition to multimetric spaces, we describe multinormed spaces. In this way, we introduce structures
that make sense combinatorially within the context of functional analysis and topology (23, 24,132, 33} 42].
In particular, we explore multimetric spaces from three different topological perspectives using some special
types of sets and multisets. Namely, we observe that multimetrics generate a topology in the classical sense,
they generate a topology-like structure on multisets that is quite similar to those found in the literature [21],
and they produce a layered topology-like structure on sets, which we call multitopology. The first approach
allows multimetric spaces to be examined through the lens of topology, the second approach attributes
topological properties to multisets, and the third approach strengthens classical topological concepts by
assigning a multiplicity to them. In addition, we examine the concept of convergence in related structures,
whose generalizations can also be discussed in the future, and connect it with various concepts of closure.

2 Preliminaries

In this section, the preferred notations related to multisets and strings have been specified. For a more
detailed discussion on multisets, one can refer to [39, 54]. The content of this section has been compiled
from [25} [54]].

One can intuitively think multisets as generalized sets, in which elements can possibly have more than one
instances. More formally; a multiset, or a bag, over a fixed set X (the universe), is a function A : X — N.
We call A(x) the number of instances of x in A, the degree of membership of x to A, or the multiplicity
of x in A. If A(x) = 0, then it is written x ¢ A. If k € Z* and A (x) > k, we write x €k A, which reads as
A has at least k instances of x, and in particular we simply write x € A for x el A. Hence if k,¢ € Z* and
k>t thenx ek A = xel A.

Just like with sets, we write multisets in list form, but using brackets [ and | instead of braces to avoid
confusion with ordinary sets, and each element appears in this list exactly as many times as the number of
its instances in the multiset, while their ordering is disregarded. That is, we have [a, a, b] = [a, b, a], but
[a,a,b] # [a,b,b]. When the context seems to be clear, we occasionally define multisets by properties.
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In this context, for instance, the multiset [x € Z : x® —x° —x* + x3 = 0] is equal to [0,0,0, 1,1, —1], when
the multiplicities of roots of the polynomial are identified to the number of occurrences of elements in the
multiset. However, this practical style should be used carefully and with clear context, as it lacks a formal
foundation.

Each ordinary subset A of X can be regarded as a multiset over X, where

1, ifxeA
Ay =4 "FE
0, ifxgA

for all x € X. In particular, the multiset corresponding to the empty set @ is called the empty multiset, and
we denote it again by @. While we denote the family of all subsets of X by 9(X), the family of all multisets
over X is denoted by . (X). We also use the notation A € X to express that A is a multiset over X. That
is,

AecX: = AecMX).

Given two multisets A, B € X. The operations intersection, union, addition, and subtraction are defined
as follows:

(AN B)(x) = min (A(x), B(x))
(AU B)(x) = max (A(x), B(x))
(A®B)(x) =Ax)+ B(x)

(A 6 B)(x) = max (A(x) — B(x),0)

Moreover, arbitrary intersection of a nonempty family {A; : i € I} is given by

() = mipca

iel

On the other hand, since a multiset can only contain a finite number of instances of an element, arbitrary
unions and sums of multisets are not always defined. However, if I is an index set and both ‘A and each
A,; for i € I are multisets over a universe X, then the following notations are used: If for every x € X, the
equality A(x) = max;e; A;(x) is satisfied, then we write A = |J;c; A;. If for every x € X, the equality
A(x) = Yier Ai(x) is satisfied, then we write A = P, _; A;, where the sum is defined as A is a multiset,
so that each x € X must belong only to finitely many A;’s.

For two multisets A and B, we write A C B if A(x) < B(x) for all x € X, and in this case A is called
a submultiset of 8. Note that

ACB e VkeZ (xeb A = xFB).

We consistently prefer the symbol C for multisets, and the symbol C for sets, throughout the text.

To fix the notations, for instance, let X = {a, b, c}, and define the multisets ‘A and B by A(a) = A(b) =
2, A(c) =0,8(a) =3and B(b) = B(c) = 1. In this case we write A = [a, a, b, b], B = |a,a,a, b, c] and
one has ANSB = [a,a,b], AUB = |a,a,a,b,b,c], A® B = |a,a,a,a,a,b,b,b,c], A6 B = [b], and
B o A = [a,c]. Another notation style for writing multisets is the formal sum notation used in structures
like group rings, monoid rings, group modules, and G—set modules [44} 51, [52]]. Thus, one can write
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A=2a+2b,B=3a+b+cand A® B = 5a+3b+c, and in general C = ) n,x for a multiset C, where
n, €N, x € X.
The support of a multiset A is defined to be the set

| Al :={x € X :A(x) > 0}.

Even though a multiset would no longer correspond to the same object when viewed as a function if we
change its domain, for the sake of practicality, for an A € X, we use the notation A € A without hesitation,
if |A| € A holds.

A multiset is called finite, if its support is a finite set.

For a multiset A : X — N and k € Z*, we define the k-restriction |A|; of A by

(IAx) (x) := min (A(x), k).

Hence for the multiset C = [a,b,b,d,d,d,d,d,e,e,e], we have the support |C| = {a,b,d, e} and the
k-restrictions |C|y = [a, b,d,e], |C|>» = [a,b,b,d,d,e,e], |C|l3 = [a,b,b,d,d,d,e,e,e], and so on. For
practical reasons, one can disregard the formal distinction between |C| and |C|, and simply write |C| instead
of |C|;. Clearly |C|; € |Cl2 € |Cl3---,and C = Ugez+ |Cli.
For multisets ‘A and B over a universe X, we call A a k-restricted submultiset of B, if | A|; c B, and
denote this by A ck B. That is,
AckB = |Al, c B

or in other words, . .
AKB = Vie{l,2,....k}(xe€e A = x €' B).

To note some properties that could be used later, we highlight a series of facts below that are actually
quite simple and do not require proof.

Proposition 1. The following are true for multisets A, B and C over X and k, € € Z*.
1. A c B implies A c* B.
2. Ifk < ¢, then A c' B implies A c* B.
3. A ck B ckC implies A ck C.
A multipoint is a special kind of multiset with all entries are the same, like [a], [a,a], [a,a,a], . ...
For k € Z*, we denote the multipoint having exactly k instances of a by [a];. Hence
a ek A = [a]y c A.

For a set A, we denote the multiset consisting of the union of all multipoints [a]; for a given k € Z* by

AWK that is
AW = Jalx.

acA

In this case, for instance, if A = {a,d, e}, then A = [a,d,e], A = a,a,d,d,e,e], and AG) =
la,a,a,d,d,d,e,e,ce].

A string « of length n € N on a set X (called the alphabet) is an ordered array {a, ay, . . . a,) consisting
of n not necessarily distinct elements of X. If n > 0, then « is called nonempty. We denote the length of a
string < by n, so that @ = (ay, ..., an,) for a nonempty string <.
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Throughout the text, we consistently use the formal script lowercase letters «, &, ¢, . .., when referring
to nonempty strings, and we denote their components with the corresponding italics, like & = (ay, ..., an,),
4 =(by,...,bn,),c ={ci1,...,cn,),and soon. Onthe other hand, we denote the multisets with calligraphic

capitals A, B,C, .. ..

3 Multinumbers

We call a nonempty string « of real numbers a multinumber, if a; < a; < --- < ap,. In other words,
multinumbers are nondecreasing nonempty finite sequences of real numbers.

A multinumber is called a multiinteger, if all of its terms are integers, and a multinumber <« is called
nonnegative, if {a;,...,an,} € R, orequivalently a; > 0, and it is called positive if {a,...,an, } € RY,
or equivalently a; > 0.

One can characterize the real number 1 over the entire set of real numbers as follows: it is the unique
number for which the proposition “I is less than x" is false for all numbers x < 1 and true for all x > 1. In
this context, we can interpret a multinumber « = (3,5,7,7,7,11, 11) as follows: the statement "« is less
than x" is false for all real numbers x < 3, it is true with a truth degree of no more than 1 for x < 5, it is
2-fold true for x < 7 with a truth degree not exceeding 2, it is 5-fold true for x < 11 with a truth degree not
exceeding 5, and it is 7-fold true for x > 11 but with a truth degree not exceeding 7. This multinumber can
thus be understood as a generalized quantity representing multiple layers of truth.

We denote the set of all multinumbers by M, the set of all positive multinumbers by M*, and the set of
all nonnegative multinumbers by M. M is partially ordered by the relation

asb: n,>nganda; < b;foralll <i < ny. (D)

As expected, we write @ < # in the case that « < &, « # &. Moreover, (M, <) has a lattice structure. The
suprema for two-element multisets are given by

« Y ﬁ = <a1 Vbl,...,an@/\nﬁ Vbn@/\nﬂ>,

where V and A respectively stand for the supremum and infimum on real numbers. Without loss of generality,
if we suppose that n,, < ng, then the infimum of the multiset [, #] of strings is given by

@ A ﬁ = <a1 A bl, e ,ana A bna, bn@+1, ooy bnﬂ>.
We define the sum of two multinumbers as
e BYE = <a1 + b], ce s nyoAng + bn@/\nﬁ>.

Hence n,gs = min(n,, ng) and one can write (a + b); := a; + b; forall 1 <i < n_ gx. This multinumber
addition is clearly associative and commutative, while it has no unit. This makes (M, @) a semigroup, and
Mj is a subsemigroup of M. In fact, (M, @) has a generalized group structure in the sense of [40], where
the partial identity for each « € M is the string of length n,, with all entries equal to 0.

We provide some simple examples to illustrate our basic notations about multinumbers: (0, V2,5) <
(1,3,7) < (1, 1) < (1,4) < (3),but (2,3,5) £ (1,4),(0,1) £ (1,3,5)and (3, 11) £ (4,4). (3,6,7,7,9) v
(4,5,5) =(4,6,7),(3,6,7,7,9) A (4,5,5) =(3,5,5,7,9), and (3,6,7,7,9) B (4,5,5) = (7,11, 12).

Note that each multinumber is uniquely associated to a finite multiset over R. Collecting the terms of a
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multinumber together gives a finite multiset, and each finite multiset corresponds to a unique multinumber,
because once a finite number of instances of real numbers are given, there is essentially a unique way to
order them nondecreasingly.

Another way to think about multinumbers is to view them as nondecreasing extended real number
sequences where all terms, except for the first few, are co. This perspective is particularly useful when it comes
to understanding ordering, lattice structure, and addition. For instance, to think (0, 1) as (0, 1, co, 00, 00, . . .),
and (1,3,5) as (1, 3,5, o0, 00, . . .) makes easier to observe the facts (0, 1) £ (1,3,5)and (0, 1)@ (1,3,5) =
0,2).

The lattice (M, <) is not complete. To observe this, for instance consider the subset &/ = {(0), (1),(2),(3), ... },
which has no supremum, and also the subset % = {(O), (0,0),(0,0,0),(0,0,0,0),... } with no infimum.

Proposition 2. (M, B, <) is an ordered semigroup.

Proof. Since the semigroup (M, B8) is commutative, it is enough to show that ¢ < # implies e B¢ < B¢
for all «, %, ¢ € M.
Suppose that ¢ < #. Thenn, > ngz and a; < b; for all 1 < i < ng. In this case N g, = h, AN, >

Ng AN, = Ngg. and by Ngg, < ng, we have a; + ¢; < b; + ¢; for all 1 < i < ngg,., which requires

cBe<fEH<c. m]

Remark 1. While the implication ¢ < ¢ = <« B¢ < & B ¢ always holds by Proposition [2} it is not
true in general that ¢ < 6 — <« B¢ < ¢ B c. As a simple counterexample, consider the multinumbers
e = (1,4,7), & = (1,4,9) and ¢ = (2,3). We have &« < ¥, but a 8 ¢ £ & 8 ¢ by the equality
aBle=3,7)=¢(8Bc.

Proposition 3. If ¢ € M and 6 € M}, then ¢ < « @ 6.
Proof. Follows fromn, >n, Angz=n, gz and a; < a; + b; by b; > 0. O

We denote the set of multinumbers of length n by M(n) for each n € Z*, and if we restrict ourselves to
nonnegative multisets of length n, we use the similar notation M (n). In particular M(1) = {{x) : x € R}.
The addition and order on M(1) satisfies (x) B (y) = (x + y), and (x) < (y) <= x < y. This makes
possible to think R as embedded into M as M(1).

Multinumbers can be multiplied by nonnegative real numbers in an obvious way. If « is a multinumber
and A > 0 is a real number, then the multinumber A< is defined as (day, ..., dan,).

4 Multimetric and Multinormed Spaces

Thanks to the multinumbers, we introduce the notion of a multimetric below as a reinforced and graded
distance measurement tool.

Definition 1. A multimetric < on a set X is a function  : XXX — M satisfying the following properties
forallx,y,z € X.

(MMO) & (x,y) < (0) implies x = y.

(MM1) & (x,x) < (0).

(MM2) & (x,y) = &(y,x).

(MM3) &(x,2) < d(x,y)BL(y,2).
In this case (X, ) is called a multimetric space.
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In general, we denote the multinumber < (x, y) as (d 1(X, )5 s dn (X, y)), when we want to refer
to the components of « (x, y) explicitly. We adopt the convention that when we include a term d;(x, y) in
a discussion, we also assume the existence of it. For instance, if we require d3(x, y) < € in an expression,
this means that d3(x, y) actually exists, that is the string < (x, y) is of length at least 3, and its third term is
less than e.

In the context of (MM3), if the multinumbers < (x, y) and < (y, z) are both of length at least k, that is if
both d (x, y) and d(y, z) exist, then also dy(x, z) exists, and the inequality dy (x,z) < di(x,y) + di(y,2)
hold. Hence, if (X, «) is a multimetric space, then (X, d;) is a metric space. We call this the metric
support of (X, ), and write |(X, &)| := (X, dy).

Example 1. Every metric space (X, d) can be thought as a multimetric space (X, <), where < (x,y) =
(d(x,y)) forall x,y € X.

Example 2. Let X = {a, b, c} and the values of & be given as the table below:

a ‘ a b c

a (0) (1,3,7) (3,7,11,12,19)
b (1,3,7) (0,6,7,9,10,11) (3,4,5,5)

c | (3,7,11,12,19) (3,4,5,5) 0,0,5,8)

From this table, for instance, we can read that < (a,b) = (1,3,7), < (b,c) = (3,4,5,5), and < (b, b) =
(0,6,7,9,10, 11). With these values, it is easy to observe that (X, <) forms a multimetric space.

These kind of values can be interpreted logically in various ways. Since the length of the string
(3,7,11,12,19) is 5, we have a five-level reinforced truth notion here. According to this, the statement
that the distance between a and c is less than 2 is false. The statement that this distance is less than 4
is true, with a truth multiplicity of 1. The statement that the distance between a and c is less than 15 is
also true, and since there are four values in the string less than 15, the multiplicity of this truth is 4. The
interpretation of this n-fold truth can vary depending on the purpose of the application. For example, one
possible interpretation could be that even if it is no longer guaranteed that the distance between the initial
position of point a and the final position of point ¢ (and vice versa) remains less than 5 after a degenerative
external effect is applied to the system, it is still guaranteed to remain less than 10. However, under a slightly
more destructive effect, it is no longer guaranteed to be less than 10, but it can be ensured that it remains
less than or equal to 11. The proposition “distance between a and c is less than 20", or that it has a finite
value, is 5-fold true in both cases.

Example 3. Multimetric spaces can, depending on the situation, combine values from various types of
generalized metric spaces. For example, let a metric d, a pseudometric p, a dislocated metric 6 [1,17], a
partial metric p [20,45] on X, and a bipolar metric b [13, 126, 47] on (A, B), where A, B C X are nonempty,
be given. For brevity, adopt the shorthand functional notation (f + g)(x,y) = f(x,y) + g(x,y). Say

di(x,y) :=d(x,y), d2(x,y) := (d+p)(x,y), d3(x,y) := (d+p+0)(x,y) and ds(x,y) := (d+p+0+p)(x,y)
forall x,y € X, and

(d+p+38+p+D)(x,y), if (x,y) € AXB

ds(x.y) = {(d+p +0+p)(x,y) +b(y.x), if(x,y) €BxA

forall (x,y) € (AXB)U(BXA). Inparticular, ds is well-defined as b(x, y) = b(y, x) wheneverx,y € ANB.
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Then, the function < : X x X — M?,

(r.y)= (di(x,y),dr(x,),d3(x,y),da(x,y),ds(x,y)), (x,y) € (AXB) U (BXA)
’ (di(x,y),dr(x,y),d3(x,y),ds(x,y)), otherwise

defines a multimetric on X.

Example 4. Let (X, Q) be an octonion-valued metric space (see [14)]), and define
@ (x,y) = (00,00 + 01,00+ 01 +02,...,00+ 01 + 02+ 03+ 04+ 05+ 06 + 07),

where Q(x,y) = 0o+ 011 + 02e3 + 03€3 + 04e4 + 05€5 + 0geg + 07¢7. Then (X, &) becomes a multimetric
space.

Example 5. Below are the approximate total round-trip transportation times between eight cities, using
various modes of transport. The first values in the strings represent the estimated round-trip flight time
between two cities. If present, the second value in the string represents the approximate round-trip time by
road. Finally, when there is a third value, it indicates that rail travel is available, and the value represents
the estimated round-trip travel time by train. These values can be modelled as a multimetric space structure,
whenever they satisfy the triangle inequality for multinumbers.

7 Detroit Doha  Houston  Istanbul Lagos Madrid  Sydney Toronto

Detroit | (0,0,0)  (26) (7,40) (20) (20) (16) 40y  (2,8,9)
Doha | (26)  (0,0,0)  (28) (9,80)  (18,300) (14,120)  (28) (26)
Houston | (7,40)  (28)  (0,0,0) (23) (24) (20) (34)  (8,44)

Istanbul | (20) (9, 80) (23) (0,0,0)  (13,180) (9,60,90)  (32) (21)
Lagos (20)  (18,300) (24) (13,180)  (0,0,0)  (11,200) (36) (22)
Madrid | (16)  (14,120)  (20)  (9,60,90) (11,200% (0,0,05  (34)  (16)
Sydney | (40) (28) (34) (32) (36) (34 (0,0,00  (38)
Toronto | (2,8,9) (26) (8,44) (21) (22) (16) (38) (0,0,0)

Example 6. Every positive natural number can be uniquely represented by a sequence based on prime
numbers, where the first term gives the multiplicity of 2, the second term gives the multiplicity of 3, the third
term gives that of 5, and in general, the nth term represents the multiplicity of the nth prime number. For
example, 12, 27, 40, and 96 are represented by the sequences (2,1,0,0,. .. ), (0,3,0,0,...), (3,0,1,0,0,...),
and (5,1,0,0,. . . ), respectively, with trailing zeros. Suppose that such representations of two given numbers
X,y € Z* are the sequences (x,) and (y,). If x =y, define < (x,y) = (0). If x # y, define &(x,y) as
the multinumber corresponding to the multiset of non-zero absolute differences |x,, — y,|. For example,
2 (12,27) = (2,2), £(12,40) = (1,1, 1), «(12,96) = (3), £(27,40) = (1,3, 3), «(27,96) = (2,5), and
@ (40,96) = (1, 1,2). This gives a multimetric space (Z*, ).

Example 7. The approach from the previous example can be easily adapted for the set R™ consisting of
real sequences that eventually terminate in zeros. Accordingly, for the elements x = (3, 1, %,0, 0,.. )
andy = (%,4, -1,0, %,O, o,... ) in R®, we have < (x,y) = %, %, %, 3). This defines a multimetric space
(R*™, &).

Example 8. Z(x,y) = <|x =y, |x| + |y|> gives a multimetric on R.
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Now, we explain the concept of a multinorm that can be defined on a vector space.

Definition 2. Let V be a vector space on R or C, with the zero vector o . Then a function || - || : V —> M
is called a multinorm on V, if the folowing are satisfied for all A € R and W,V € V.

(MNO) |[V'|| < (0 implies x =70

(MN1) |[0']] < (0).

(MN2) [|4V]| = |4V

(MN3) [[@ + V|| <[] & [V]].
In this case we call the pair (V, || - ||) a multinormed space.

As in the classical case, there is a clear and self-evident relationship between multinormed spaces and
multimetric spaces, which is stated in the following without proof.

Theorem 1. If (V,|| - ||) is a multinormed space, then the function < : V xV — M defined by
2| (x,y) = |lx =yl forall x,y € V, is a multimetric on V.

S5 Topological Structures on Multimetric Spaces

To illustrate how topological concepts fit within the framework of multimetric spaces, we will explore
some basic topological concepts. There are undoubtedly multiple ways to develop topological notions in
multimetric spaces. For example, one could define open balls by selecting radii as nonnegative multinumbers
while taking points as centers. This approach would yield balls as sets, however, in some cases this can
cause a dislocated ball, that is a ball not including its center. Another approach, instead, takes radii as
nonnegative real numbers, as is customary, but since the distances are expressed in terms of multinumbers,
this will give us multisets rather than ordinary sets. As we will later discuss, even this particular approach
allows for two major distinct interpretations. However, before delving into these discussions, let us first
define some specific subsets and submultisets in multimetric spaces.

Definition 3. Given a multimetric space (X, <), and let x € X, » € M*. The ball, the disk, and the sphere
with center x and radius » are defined to be the subsets of X respectively given by

B(x,7»):={aeX:dx,a) < r},
D(x,7):={aeX:d(x,a) < r»},
S(x,7) :=D(x,») \ Bx, 7).

Through these sets, X acquires a topological structure in the classical sense, which will be explained in
Subsection [5.11

Example 9. Consider the multimetric space (X, <) in Example 2| given with a table.

Since d(c,a) = (3,7,11,12,19) % (n,V19,27,7), &(c,b) = (3,4,5,5) < (n,V19,2%,7), and
(c,c) =(0,0,5,8) £ <7r, V19, 2, 7>, we have 93(6, <7r, V19, 27, 7>) = {b}. Note especially that this ball
is dislocated, in the sense that ¢ ¢ 93(c, <7r, \/E, 2, 7>) Similarly we have QZ(C, <7r, \/E, 2, 7>) = {b}
and oS’(c, <7r, \/E, 2, 7>) = Q.

Now, we move to the approach where the radius is a positive real number rather than a positive
multinumber. In this case, radii lose their “multi"ness, while the sets gain it; meaning that the radii are no
longer multinumbers, but the resulting collections are now multisets.
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Definition 4. Given a multimetric space (X, <), and let x € X, r > 0. The multiball B(x, r), the multidisk

D(x, r), and the multisphere S(x, r) with center x and radius r are defined to be the multisets over X given
by

B(x,r)(y) :=sup{i e N: 0 <i <ngy,y) and di(x,y) <r},
D(x,r)(y) :==sup{i e N: 0 <i <nyyy) and di(x,y) <r},
S(x,r) :=D(x,r) ©B(x,r).

Note especially that, if {i e N : 0 < i < ny(,) and d;(x,y) < r} = @ then B(x,r)(y) = 0, and if
{i:0<i<nyu, andd;(x,y) <r} = o then D(x,7)(y) = 0, since the suprema are taken over the lattice
N having 0 as the smallest element.

Clearly B(x,r) € D(x,r) and S(x,r) € D(x,r) forall r > 0, and 0 < s < r implies B(x, s) C B(x,r)
and D(x, s) € D(x, ).

Example 10. Consider the multimetric space (X, <) in Example

We describe the multidisk D(c, 5). Since < (c,a) = (3,7,11,12,19) and d\(c,a) = 3 < 5, but other
terms of this string are greater than 5, thus the multiset D(c, 5) contains exactly one instance of a. On the
other hand </ (c,b) = (3,4,5,5) and all four terms are less than or equal to 5, so that D(c,5) has four
instances of b. Lastly since </(c,c) = (0,0,5,8) has only three terms not exceeding 5, D(c, 5) has three
instances of c. Hence we have found D(c,5) = [a, b, b, b, b, c, c, c].

With a similar approach, one has the multiball B(c,5) = [a, b, b, c, c], and the multisphere S(c,5) =
D(c,5) ©B(c,5) = [b, b, c].

We now present some basic properties of multiballs, limited to those that will be used in the text.
Proposition 4. Let (X, /) be a multimetric space and let x € X, € > 0.

1. x € B(x,¢&).

2. Ife <6, then B(x,e) C B(x,9).

3. B(x,6) NB(x, &) = B(x, min(s, &)).

Proof. a) By < (x,x) < 0, necessarily d;(x,x) = 0 < &, hence B(x, €) has at least one instance of x in it.
b) If y €* B(x, ), then dx(x, y) < & < §, which means that y €k B(x, ).
¢) B(x,min(d,&)) < B(x,8) N B(x, &) follows from 2l Conversely, if y €f B(x,d) N B(x, &), then
dy(x,y) < 6 and di(x,y) < &, so that dx(x,y) < min(d, &) and y €* B(x, min(d, )). o

Multiballs can be applied to topological concepts in at least two distinct ways. In Subsection [5.2] the
first approach to be adopted is to treat multiballs as the building blocks of openness. Since multiballs are
multisets, this leads to concepts like openness and closedness are defined for submultisets. On the other
hand, in Subsection [5.3] our alternative approach is to assign multiplicities to concepts like openness and
closedness, to work with n-fold versions of these. In this case, we are not directly dealing with multisets,
but instead, the concepts have been “multiplied" rather than the elements in a set, to reflect the nature of
multimetric spaces.

306



Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat. 2026; 75(2), 297-316

5.1 Topology

We demonstrate how a topological structure can be given to a multimetric space through the use of balls.
Since other topological concepts related to this approach will directly follow from this structure, we refrain
from much detail.

Definition 5. Given a multimetric space (X, ). We call a subset A of X open, if for all x € A, there exists
some » € M* such that x € %B(x,») C A.

The condition that 98(x, ») must contain x, ensures that dislocated neighborhoods are avoided. Now,
without delay, we prove that this definition gives rise to a topology on X.

Theorem 2. Let (X, <) be a multimetric space, and T be the family of all open subsets of X. Then,
a) X, @ eT.
b) {Ailier €7 = Ui Ai €T
c)A,Bet = ANBer.

Proof. a) Follows from the definition of an open subset.

b) If x € U;e; Ai € 7, then x € A;, for some iy € I, and by openness of A;,, there exists an 7, € M™*
such that x € B (x, 7)) C Ai, € Ujer Ai

c)IfA,Betandx € AN B, thenx € B(x,») C A and x € B(x, ) C B for some 7, s € M*. In this
case, r1,s1 > 0,and sor; A sy > 0, thatis » A 4 € M*. Then, «(x,x) < » and ¢ (x,x) < 5 together give
d(x,x) <7 A Jd,andsince » A s S zand » A 5 < 4, we have x € B(x,» A J) C B(x,») N RB(x,5) C
ANB. m|

According to this result, multimetric spaces have the ability to generate a nontrivial topology in the
classical sense. On the other hand, we know that every multimetric space, generates a metric space called
the metric support, with the first components of multinumber values of the distance function, and of course,
this metric induces a topology as well. Now, we present a result that explains the fine-coarse relationship
between these two topologies.

Theorem 3. Let 7,4 be the topology on a set X, induced by a multimetric space (X, <) as described in
Theorem[2] and T4, be the topology induced by the metric support (X, dy). Then Ty is finer than t4,.

Proof. Let A be an open set in the topological space (X, 7,,) and x € A. Then there exists an open ball
B(x, r) in the classical sense with respect to the metric space (X, d), such that B(x,r) € A. Consider the
multinumber » = (r) of length 1, and the ball % (x, 7). (0) < (r) since r > 0, and & (x, x) < (0) by (MM1).
Hence < (x,x) < (r) so that x € JB(x, 7). Now, if y € JB(x, ), then & (x,y) < #, which in particular
implies dy(x,y) < r and y € B(x,r). Therefore x € %(x,#») C B(x,r) C A, which means that A is also
open in the topological space (X, 7). O

Although we have shown that the topology corresponding to a multimetric space is finer than the topology
generated by its corresponding metric support, the question of whether these two topologies are equal or
not, remains open. The following example demonstrates that such equality is not necessarily required.

Example 11. Consider the multimetric < given by

e =vl), ifx#y.
d(x’y)_{<0,o>, ifx=y.
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forall x,y € R. Then dy is the usual metric on R, and it induces the usual topology. On the other hand, for
any x € Rand » = (1,1), < (x,x) = (0,0) < (1, 1), but if x # y, <|x - y|> £ (1,1) by Equation since
Ny = 1 2 2 =n¢1y. Hence B(x,(1,1)) = {x}, and < induces the discrete topology on R.

5.2 Multiset Topology

Throughout this subsection, we suppose that / is an index set, and A, A;, B € X for all i € I. Before
addressing its relevance to multimetric spaces, we first highlight a topology-like structure defined on the
class of all multisets over a given set. While the concept of multiset topology has been studied in [21], here
we provide a slightly revised definition to suit our purposes.

Definition 6. A multiset topology on a set X is a family  C M (X) such that
a)@eT and X*®) € T forall k € Z*.
b)IfAe X, A=Ujcg Aiand {A;}ic; €T, then A€ T.
)IfA,BeT, then ANBeT.

In this case, the pair (X, ) is called a multiset topological space.

Specifically, condition (b) is written in an indirect manner due to the fact that an arbitrary union of
multisets does not necessarily result in a multiset, as explained in Section ?? regarding the arbitrary union
notation.

Definition 7. In a multimetric space (X, &), a multiset A € X is called an open multiset, if for all x €* A,
there exists an & > 0 such that B(x, €) c* A.

With this definition, clearly each multiball B(x, £) is automatically an open multiset.

Theorem 4. Let (X, <) be a multimetric space. Then the family I of all open multisets over X, is a multiset
topology over X.

Proof. By the definition of an open multiset, the multiset @ is necessarily open, as it does not have any
element.

Consider the set X®), k € Z*. X has exactly k instances of each element in X. On the other hand, by
definition, the k-restrictions |B(x, £)|x have at most k instances of elements. Thus |B(x, &)|x < X¥), which
means that B(x, £) c* X%, and the multiset X¥) is open.

Now suppose that A € X, A = U;c; A;and {A;}ie; € T . Ifx€XU;; A, thenxekﬂio for some ig € 1,
and since A;, € 7, there is an & > 0 such that B(x, &) c* A;, ¢ U;¢; A;, which implies B(x, &) X U,¢; A;.

Lastly, if A, B € I and x ek A N B, then there are &, > 0 such that B(x, &) ck A and B(x,0) ck 8.
Then B (x, min(e, 6)) € B(x, &) N B(x, ) ck A N B by Proposition and and Proposition O

Theorem 5. Multiballs are open multisets with respect to the multiset topology.

Proof. Consider a multiball B(x, £) in a multimetric space (X, «), and suppose y €X B(x,&). Then
di(x,y) <e.Say o :=¢e—di(x,y).

We prove that B(y, 8) cX B(x, &), or equivalently [B(y,d)|x € B(x,&). Let z €/ [B(y,5)|x. By the
definition of a k-restriction, |B(y, §)|; can include at most k instances of an element, so that £ < k, and
consequently d¢(x,y) < di(x,y). Also z € [B(y,0)|x € B(y,d) gives d¢(y,z) < 8. Then d(x,z) <
de(x,y) +de(y,2) < di(x,y) +6 = ¢, and z €/ B(x, ). O

The absence of a true complement for multisets makes it appealing to explore the concept of closedness
throughout auxiliary tools as will be described in the sequel.
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Definition 8. For a multiset A : X — N, the function A° : X — Z, to the set of nonpositive integers
is defined by the rule A°(x) := —A(x), and in this case A° is called an antimultiset over X. For the
multipoints [x]y in X, we adopt the alternative notation [x]; € A® when [x]; ¢ A.

Let us clarify that we introduce antimultisets only for notational convenience rather than as a separate
subject of interest, and we do not attribute any conceptual meaning to them.

Definition 9. We call an antimultiset A° over X, closed with respect to a multiset topology T on X, if A is
an open multiset.

Now, in the context of multimetric spaces, we will examine the relationship between closed sets and
convergent sequences.

Definition 10. Let (X, J) be a multiset topological space. A sequence ([xn]x, )n of multipoints in X is said

to be convergent to a multipoint [x]; in X, if for each open multiset A such that [x]; C A, there exists an
no € Z*, such that for all n > no, [x,1r, € A. In this case we write ([x,]x,),— [x]k.

Proposition 5. If ([x,]«, )n is a sequence of multipoints on a multiset topological space (X, T ) such that
([xn)k,),— [x]k, then also ([xnlk,),— [x]¢ forall € > k.

Proof. 1f [x]; € A and € > k, then [x;] C A also holds, and since the convergence hypothesis is already
satisfied for such multisets (A, this sequence also converges to [x]. O

One of the well-known facts in topology is that the limits of convergent sequences defined in closed sets
lie within the set. Below, we provide an analogous result in the context of multiset topology.

Theorem 6. Let (X, T ) be a multiset topological space, A° be a closed antimultiset, and ([x,]x, )n be a
sequence of multipoints in X, such that [x,]x, € A° for all n € Z* and ([x,],),— [x]k. Then [x]x € A°.

n

Proof. Assume that [x]; C A. Since the antimultiset A® is closed, the multiset A is open and by
([xn]k,),— [x]k, there exists an ng € Z*, such that for all n > ng, [x,]x, C A. But this contradicts by
[xn]k, € A°. Therefore [x]; ¢ A, and we have [x]; € A°. m]

For the multiset topologies induced by multimetric spaces, we can state a converse for this theorem.

Theorem 7. Let (X, &) be a multimetric space and A° be an antimultiset over X. If for each convergent
sequence ([xu]k,),— [x]x of multipoints in X, [x,]x, € A® for all n € Z* implies [x]x € A®, then A° is
closed.

Proof. Assume the contrary that A® is not closed. Then A is not open. In this case, there is an x ek A,
such that for all € > 0, B(x, ) ¢¥ A, so that there exists an x, €’ B(x, £) where £, < k, but x, ¢ ‘A, that is
[xcle, ¢ A, or equivalently [x,]¢, € A°. In particular, for & = 1, n € Z*, we have a sequence ([x1/,]¢, i
of multipoints. We claim that this sequence converges to [x].

Let G be an open multiset such that [x]; C G, that is x €¥ G. Then there exists a & > 0 such that
B(x,8) c* G. Pick an ny € Z* such that % < 0. Then by the selection of the terms of the sequence and
Proposition @2 we have

X1 €1 B(x, 1) ¢ B(x,6) c @

for all n > ny, so that [x/,]¢,,, € G, which means that ([x1/,]¢,,,),— [x]x. This implies, by the hypothesis,
that [x]x € A since [x1/n]¢,,, € A® for all n € Z*. On the other hand, [x]; € A® is equivalent to [x]; ¢ A
and this contradicts by x €% A. Hence A has to be closed. |
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5.3 Multitopology

Through this subsection, we suppose, without further notification, that / is an index set, A, A;, B € X and
k,k;, €Z foralli € I.

Definition 11. A multitopology on a set X, is a collection T = {1 : k € Z*} of families of subsets of X,
such that

a) X €ty and @ € 1y forall k € Z*.

b) If k; € Z*, A; € 1y, foralli € I and k = min{k; : i € I}, then J;c; Ai € 1.

c)Ifk,t €Z*, A ctiand B € 1/, then AN B € Tin(k,0)-
In this case, the pair (X, T) is called a multitopological space, and the sets in Ty are called k-open.

Similar to the situation in multimetric spaces, multitopological spaces yield a topology, namely if (X, 7°)
is a multitopological space, then (X, 71) is a topological space. This is called the topological support of
(X,7), and in this case, we write |(X,7)| := (X, 7;). However, 7, 73 and beyond do not have to be
topologies on X, as they do not necessarily contain X.

The families 7y in the definition of a multitopology are not completely independent from one another.
The following proposition expresses an important relationship between these.

Proposition 6. If (X, T) is a multitopological space and k < €, then each €-open subset of X is also k-open.
Proof. If A € 1¢,thenby @ € 7, we have A = AU @ € Tyin(e k) = Tk O

For a given multitopological space (X, 7°), we define the sets X; by

X];:: UA

AeTy
for each k € Z*. Then one always has X; = X and X; > X5 D X532 X; D ---.

Definition 12. In a multitopological space (X,7"), a subset A C X in the form A = X; \ G where G is
k-open, is called k-closed.

Even though we are dealing with a more partial complement rather than one over X, from the definition
of the sets X¢, it is clear that every k-open set is a subset of X;. Therefore, if G is k-open, then G C X, and
in this case we have a complete duality between k-open and k-closed sets via the equality G = Xz \ (X; \ G).

To clarify the relationship between multitopological spaces and multimetric spaces, we present the
following definition, and immediately afterward, a related result.

Definition 13. In a multimetric space (X, <), a subset A C X is called k-open if d;(a,a) = 0 and there
exists an € > 0 such that B(a, g) € A, for each a € A.

Theorem 8. Let 1 be the family of all k-open subsets in a multimetric space (X, ). Then the families T,
(k € Z*) define a multitopology on X.

Proof. X € 71, since di(x,x) = 0 and B(a,&) € X for all x € X. On the other hand, the statement that
@ € 1 for all k, is vacuously true.

Let k; € Z*, A; € 1, foralli € I, and a € J;c; Ai. Then dy,(a,a) = 0 and there are g; > 0 for all
i € I, such that B(a, &;) € A;. If we say k = min{k; : i € I}, then also di(a,a) = 0 and B(a, &;) € A; for
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alli € I, by k < k;. Alsoby A;, € U, Ai € 11, for any fixed ip € I, we have B(a, €;,) € U;¢; Ai, which
proves | J;c; Ai € T%.

Finally, suppose that A € 74, B € 17/, and ¢ € A N B. Then there are ¢, & > 0 such that di(c,c) = 0,
B(c,0) € A, de(c,c) = 0 and B(c,e) € B. In this case, dminct,e)(c,c) = 0 and moreover we have
B(c,8) NB(c,&) = B(c, min(6,€)) € A N B by Proposition @ resulting in A N B € Tyin(k.¢)- o

Proposition 7. Let (X, <) be a multimetric space and x € X. Then the set |B(x, €)| is k-open for all € > 0,
if di(x,x) =0.

Proof. Clearly B(x, ) € |B(x, €)| and we have di(x,x) = 0 by the hypothesis. Therefore the set |B(x, )|
is k-open. O

Definition 14. In a multitopological space, a sequence (x,) is called k-convergent to a point x, if for each
k-open set G with x € G, there is an ng € Z*, such that x, € G for all n > ny. In this case we write
k
(x) — x.
In the context of Proposition [6] while k-openness is a weaker property than £-openness when k < ¢,

the situation reverses in terms of convergence, and k-convergence becomes a stronger property than ¢-
convergence.

k
Proposition 8. If (X, 7") is a multitopological space, (x,) is a sequence on X and k < ¢, then (x,) — x

¢
implies (x,) — X.

Proof. 1f (x,) LR x, then for each k-open set G, x € G implies the existence of an ny € Z*, such thatx,, € G
for all n > ny. By k < £, each {-open set is also k-open. Hence the corresponding condition holds also for

¢
{-open sets, so that (x,) — x. ]

Now, we present a result that establishes a relationship between k-closedness and k-convergence in
multitopological spaces.

Theorem 9. Let (X, T) be a multitopological space, A be a k-closed set, and (x,) be a sequence in A. If
(x,) LN x € X, then x € A.

Proof. We assume the contrary. Letx ¢ A. Since A is k-closed, it is of the form A = X; \ G, where G is
a k-open set. In this case also G € Xz and G = X} \ A. Since x € Xz, we have x € G by the assumption
that x ¢ A. Then G is a k-open set including the limit x, and therefore x,, € G except for a finite number of
terms. But this is a contradiction since (x,) is a sequence in A, and A N G = @. This forces x € A. |

Finally, we show that a converse for the previous result holds specifically for the multitopologies of
multimetric spaces.

k
Theorem 10. Let (X, &) be a multimetric space and A C Xj. If (x,) — x € X implies x € A for each
sequence (x,) in A, then A is k-closed.

Proof. Say G = X; \ A. Assume that A is not k-closed. Then G is not k-open. Since Xj is an union of
k-open subsets by its definition, x € X} gives di(x,x) = 0. In particular, by G C Xy, di(x,x) = 0 for all
x € G. Since G is not k-open, in this case, there must be an x € G such that B(x, &) € G for all £ > 0, that
is |B(x,e)| € G.
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For each n € Z*, pick an x, € |B(x, %)| such that x,, ¢ G. By Proposition the sets |B(x, %)| are
k-open, so that |B(x, %)l C X;. Hence x, € X; \ G = A, and (x,) is a sequence in A.

Let H be a k-open set such that x € H. Then there is an € > 0 such that B(x, &) € H for all € > 0. In
this case |B(x, %)l CH, if% < &,n € Z*. Choosing ny € Z* such that nio < & gives x, € H for all n > ny.
Thus (x,) k-converges to x.

Consequently, (x,) is a sequence in A and (x,) LR x € X;. Sox € A by the hypothesis, and this
contradicts by x € G = X; \ A. Therefore A has to be k-closed. m]

6 Conclusion

This research, in which various concepts such as multinumber, multimetric, multinorm, and multitopology
are introduced and examined, serves as an introduction to the field, laying the foundational groundwork and
preparing the way for future research and applications. The study of these structures, from the perspective of
mathematical and particularly topological concepts, their logical implications, statistical applications, and
combinatorial aspects, leaves many potential early questions that will be awaiting answers.
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