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Abstract Accurately detecting the edges of subsurface geological structures from potential field anomalies
remains a fundamental challenge. We applied the HTHG (Hyperbolic tangent function with horizontal and
vertical derivatives of Total Horizontal Derivative) method to enhance subtle details in lunar gravity anomalies,
focusing on the Aristarchus region and its surroundings. Initial assessments were conducted on synthetic noise-
free and noisy gravity data sets and compared against eleven representative edge detectors. In the noise-free data
case, HTHG demonstrated superior performance over other detectors in terms of accuracy, resolution,
sharpness, and amplitude balancing. However, similar to other approaches, its directional derivative
calculations are highly susceptible to noise amplification. To address this challenge, we implemented various
noise reduction techniques, including the f-VDR and MNLM methods. Notably, we also presented different
methods for estimating the tuning parameters of the involved noise attenuation methods. HTHG, in conjunction
with MNLM, demonstrated the most superior performance. We subsequently applied the HTHG operator to
lunar gravity anomalies from the Aristarchus region. Our results were compared with the outputs of 2D
inversion employing a mixed-weighted function, a correlation imaging algorithm, and 3D inversion enhanced
by spectral analysis. Our findings indicate that the Aristarchus crater hosts a low-density subsurface mass. The
outcomes of this study confirm the robust performance of the HTHG method in addressing edge detection
challenges and underscore the necessity of integrating various methods, including edge detection, noise
suppression, fast imaging, and inversion, to guarantee the interpretation reliability and advance our
understanding about the internal architecture of the Moon.

1. Introduction

The Gravity Recovery and Interior Laboratory (GRAIL) mission yielded high-resolution lunar gravity anomalies
that are indispensable for investigating the Moon's internal structure (Goossens et al., 2020; Konopliv et al., 2014;
Yin et al.,, 2024; Zuber et al., 2013). Building upon these high-resolution data sets, earlier studies have
concentrated on distinct lunar regions, specifically volcanic regions marked by high-density intrusions (Huang
et al., 2020; Kiefer, 2013). In addition, studies have extended to large impact basins, where observed mass
concentrations are associated with mantle upwelling and the consequent thinning of the lunar crust (Liang
et al., 2014; Zhao et al., 2021). The Aristarchus plateau is of considerable scientific interest, evidenced by its
abundant volcanic features. These characteristics point to the presence of underlying structures, such as magma
chambers or intrusions, which may have played a role in sustaining previous volcanic processes. The Aristarchus
Plateau is a prominent, four-sided raised landform situated on the northwestern near side of the Moon. This
geologically complex plateau, approximately 170 km X 220 km in extent and rising 2 km above the younger
neighboring basaltic plains, encompasses notable volcanic and impact features, including the Aristarchus and
Herodotus craters, along with Vallis Schroteri which is the largest sinuous rille on the natural satellite. It is
bounded by vast lava flows and overlain by one of the Moon's most extensive regional pyroclastic deposits,
characterized by numerous silicic domes and exposed rock outcrops (Glotch et al., 2010; Zisk et al., 1977). Its
complex geology and volcanic activity make the Aristarchus Plateau a high-priority target for future lunar landing
missions and extended scientific exploration (Glotch et al., 2021). Given the distinctive geological characteristics
of this plateau, extensive remote sensing studies have investigated its surface mineralogy using data from the
Clementine UVVIS, NIR (Chevrel et al., 2009), and Chandrayaan-1's Moon Mineralogy Mapper device (Mustard
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etal., 2011). These researches discovered a basal anorthositic crust buried beneath extensive pyroclastic deposits.
Subsurface models derived from gravity data can complement surface studies by offering deeper insights into the
volcanic system of the plateau through the characterization of subsurface density variations. Lunar gravity field
models, especially those derived from remote sensing data (e.g., Liang et al., 2014), offer a robust approach for
delineating subsurface structures through the identification of high- and low-density zones. The GRGM1200L
model, derived from the GRAIL mission (Goossens et al., 2020), which provides a 4.5 km resolution, is ideal for
examining the subsurface nature of the Aristarchus Plateau. Comprehensive analyses of GRAIL data reveal that
the crustal and load densities in the Aristarchus Plateau region average roughly 2,500 kg/m> (Huang et al., 2013).
These results indicate the existence of igneous rocks that are critical for understanding the geological evolution of
the region.

Edge-detection techniques applied to potential field data sets, such as gravity and magnetic, have emerged as
powerful tools for delineating subsurface structures and are widely employed in geophysical investigations (e.g.,
Ai, Ekinci, et al., 2024, Ai, Deniz Toktay, et al., 2024; Al-Bahadily et al., 2024; Alvandi et al., 2024; Cooper and
Cowan, 2006; Deniz Toktay et al., 2025; Ekinci and Yigitbas, 2015; Ekinci et al., 2013; Fedi and Florio, 2001;
Ibraheem et al., 2023; Pham, 2023; Pham and Oliveira, 2023; Saibi et al., 2019; Ye et al., 2024). Numerous
techniques have been developed to delineate causative source edges, each offering distinct advantages and
inherent limitations. Challenges include vulnerability to artifacts, noise amplification during derivative calcu-
lations, limited spatial resolution, and difficulties in balancing amplitude responses from subsurface sources at
varying depths (Liu et al., 2023). In this study, we utilized the recently proposed HTHG (Hyperbolic tangent
function with horizontal and vertical derivatives of Total Horizontal Derivative) operator to robustly interpret
lunar gravity anomalies acquired in the GRAIL task, thereby explaining subsurface structures within the Aris-
tarchus region. Preliminary evaluations were conducted on synthetic gravity data sets comprising both noise-free
and noisy cases to thoroughly compare the effectiveness of the HTHG operator against eleven well-established
edge-detection techniques. We then investigated several noise reduction techniques with parameter tuning based
on Lp norms and C norm to improve edge-detection performance. Finally, we applied the HTHG operator to lunar
gravity anomalies from the Aristarchus region and validated the results by comparing them with 2D focusing
inversion, the correlation imaging algorithm, and reported 3D inversion solutions integrated with spectral
analysis. The outcomes of this study substantiated the effectiveness of the HTHG method in addressing edge
detection challenges and underscore the necessity of integrating various methods, including edge detection, noise
suppression, and inversion to guarantee the interpretation reliability and advance our understanding about the
internal architecture of the Moon.

2. Methodology

The Total Horizontal DeRivative (THDR) operator, commonly utilized for delineating horizontal edges of
anomaly sources using potential field data, was originally proposed by Cordell (1979). The THDR filter, given
below, effectively maps shallow geological structures, exhibits reduced susceptibility to noise interference with
first-order derivatives, and produces peak amplitudes aligned with geological boundaries (Cordell, 1979):

THDR = <g§>2 + (g{;)z (1

where f is the input gravity anomaly, % and g—]; are the first-order derivatives in horizontal directions. Nabigh-

ian (1984) later introduced the Analytic Signal Amplitude (ASA), which delineates the edges of buried sources by
detecting ASA peak values. This filter is expressed by:

nsa= (&) + (2) +(2) ®

The ASA filter incorporates not only horizontal derivatives but also the first-order vertical derivatives of the

potential field anomaly to enhance edge detection. However, both the THDR and ASA operators face challenges
in balancing anomaly amplitudes from sources located at varying depths (Alvandi et al., 2023; Prasad
et al., 2022). Consequently, a range of phase-based and normalized filters has been proposed to effectively
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determine the edges of both shallow and deep-seated sources. The Tilt Angle (TA) filter, introduced by Miller and
Singh (1994), normalizes the vertical derivatives using the THDR, and it is expressed by:

i
TA = tan~! | %2 3
an [THDR] ®)

The TA amplitude is positive over the source, zero at its boundaries, and negative beyond, varying within a range
of £90°. The Theta Map (TM) operator, proposed by Wijns et al. (2005), is a phase-based filter characterized by
minimal amplitude at horizontal boundaries, with values ranging from 0 to 90°. The formulation of this filter is
given by:
THDR
™ = cos™ [ ——— 4
cos < ASA ) @)
Verduzco et al. (2004) reported that the maximum amplitude of THDR of the TA (TA_THDR) provides a more
detailed edge detection. TA_THDR is expressed by:

2 2
TA_THDR = oTA + oTA )
ox ay

TA_THDR illustrates amplitudes as positive over the sources and negative outside them. Later, Cooper and
Cowan (2006) introduced the TDX filter, which produces maxima at source edges. This operator is defined as:

TDX = tan ! f (6)

0z

Ferreira et al. (2013) proposed the TA of the THDR as follows:

THDR
TAHG = tan™! < @)

\/ (THDR,)? + (THDR, )’

Ma et al. (2016) proposed the improved horizontal tilt angle (ITDX), which normalizes the THDR of the vertical
derivatives by the second-order vertical derivatives as given in Equation 7. ITDX produces maxima over the
source boundaries.

2 2
2%f o°f
(Om)x) + (dzdy)

02f

022

ITDX = tan !

®)

Pham et al. (2019) proposed a dimensionless Logistic Total Horizontal Gradient (LTHG) function. Notably, the
total horizontal gradient shares the same meaning of the THDR. By optimizing with a user-defined parameter «,
LTHG effectively balances amplitudes and enhances the clarity of edge detection. The definition of this function
is given below:
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—a

THDR,
\/ (THDR, )’ — (THDR, )?

LTHG = | 1 + exp 9)

Basically, the parameter a, controlling the resolution of detected results, is determined via some trial-and-error
experimentation. We will discuss its effect on the edge detection in next sections. Melouah and Pham (2021)
introduced the Improved LTHG (ILTHG) by the expression given below:

—a

ITHG,

ILTHG = |1 + exp
\/ (ITHG,)? — (ITHG, )®

(10)

where

AN A
ITHG = <%> +(m) (11)

This operator simultaneously balances the amplitudes of deep and shallow sources and provides maximum

amplitudes over the source edges. The resolution of ILTHG is also controlled by the parameter a. Lately,
Pham (2023) introduced MNTH, using ASA and the vertical derivative, as given below:

MNTH = tan™' | oo (12)

The MNTH peaks effectively delineate horizontal edges.

As described above, the arctangent function has been widely applied in boundary detection. However, it should be
noted that the hyperbolic tangent function provides a slightly narrower dynamic range in its output [-1, 1] than the
inverse tangent function [-n/2, n/2] (see Figure 1 in Ai, Ekinci, et al. (2024)). The main difference between the
inverse tangent and hyperbolic tangent functions is that transitions occur more quickly with the latter. The hy-
perbolic tangent function effectively asymptotes to the maximum value, but the inverse tangent function as-
ymptotes more slowly. Recognizing this slight difference, Ai, Ekinci, et al. (2024) introduced the HTHG
(Hyperbolic tangent function with horizontal and vertical derivatives of Total Horizontal Derivative) detector.
The HTHG formulation, expressed below, constrains boundary amplitudes within the range of —1 to +1.

THDR
HTHG = tanh z _z (13)

\/ (THDR,) + (THDR,? 2

Peaks in the HTHG signal delineate source edges. A major advantage of the HTHG operator is its ability to
sharply define the boundaries of anomalous bodies while effectively suppressing spurious edges. Moreover,
unlike LTHG and ILTHG, the resolution of HTHG is inherently independent of user-defined parameters. Table 1
further gives a summary of the involved edge detection methods.

3. Synthetic Applications and Findings

The performance of 12 edge detection algorithms was analyzed using synthetic gravity data sets under both noise-
free and noise-contaminated cases. The gravity response of a rectangular prismatic source is obtained by the
spatial bounds of the source (Blakely, 1995; Plouff, 1976)
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Table 1
Summary of the Edge Detection Methods Used in This Work
Edge detector used Mathematical equation Unit Proposed by
THDR or\2 or\2 mGal/km Cordell (1979)
(&) + )
ASA \/(df)2 . (af)z N (af)2 mGal/km Nabighian (1984)
ox oy 0z
TA [ Radian Miller and Singh (1994)
THDR
™ s ! (THDR Radian Wijns et al. (2005)
TA_THDR 2 Radian/km Verduzco et al. (2004)
(oTA) " (aTA)
TDX / @y (,, ) Radian Cooper and Cowan (2006)
X, Ml ay,
ITDX 22 22, \2 Radian Ma et al. (2016)
tan™! (om) P (W)
2%
022
LTHG [ ( THDR. >]—" / Pham et al. (2019)
1 + exp|——F—ur—ces
(THDR,)* — (THDR )*
ILTHG L+e _ mHG, - / Melouah and Pham (2021)
(ITHG,)? — (ITHG)*
TAHG _ THDR__ Radian Ferreira et al. (2013)
(THDR,)? + (THDR, )?
MNTH tan—L1 [&] Radian Pham (2023)
I
HTHG THDR, . / Ai, Ekinci, et al. (2024)
(THDR,? + (THDR,)? 2
Note. Only the TM method indicate the edges by the minimal amplitude, the rest eleven methods identify the horizontal
boundaries via the maximal amplitude.
2 Y2 x2
z
Ag(x,y) = yAg/ / / 7dxdydz (14)
[2 432 +2]"
zl oyl xl
where Ap and y are the density contrast and gravitational constant, respectively. x and y denote the horizontal
coordinates of the source, and z1 and z2 denote the depths to the top and bottom of the source, respectively. The
3D model consists of five prisms, with their properties listed in Table 2.
Figures 1a and 1b present different views of the synthetic model. Synthetic data for these prisms were computed
on an observation surface covering a 200 km? x 200 km? area, with a sampling interval of 1 km, following the
derived formulation from Equation 14 reported by Rao et al. (1990). Figure lc stores the noise-free gravity
anomaly.
leyn = dgy, + NR X mean[dyy, | X [rand; (M) — rand,(M)] (15)
where mean [] is the average of the input data (dy,,), here we use the noise-free data as the input, and rand, () and
rand, () generate pseudorandom values uniformly distributed between [0, 1], of a given size M.
To replicate real-world conditions, noise was introduced into the synthetic data in accordance with Equation 15
following the work of Ai, Ekinci et al. (2023) and Ai et al. (2025). This addition was considered critical for
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Table 2 evaluating the robustness of the edge detectors, particularly due to the noise

Model Parameters of the Prisms Used in the Synthetic Case amplification commonly observed in derivative-based calculations.

Model parameters P1 P2 P3 P4 P5 ” 3 i ”

X coordinate of the center (km) 20 100 130 110 110 Re = % %X 100 (16)
syn

Y coordinate of the center (km) 100 100 100 180 20

Width (km) 25 70 80 12 12 The noise ratio (VR) in Equation 15 is a predefined parameter that governs the

Length (km) 150 70 80 20 15 noise level, set to NR = 20% in this study, yielding an approximate relative

Thickness (km) 5 3 4 2 15 error (Re) of 6%, as determined by Equation 16 (Ai, Ekinci et al., 2023).

Depth to the top (km) 2 1 3 2 4 The correlation coefficient between the noise-free and noisy data is 0.998,

Strike (°) 0 45 45 0 0 indicating that the random noise has a slight impact on the data. The noise-

Density contrast (kg/m>)

500 —250 500 300 —300 perturbed gravity anomaly is presented in Figure 1d. Using the generated

noise-free and noisy gravity anomalies, the 12 edge detectors were first
applied to the noise-free data to assess their effectiveness. Figure 2 shows the outputs of each operator. Blue
triangles indicate the boundaries of the synthetic bodies.

The results demonstrated that the THDR is predominantly influenced by the high-amplitude effect from the
shallow source P1, which is the thickest one. This enhances the delineation of the boundary of P1, while the
boundaries of the deeper sources, P4 and P5, with lower amplitudes, are less distinct and exhibit blurring. Similar
to THDR, ASA effectively highlighted the shallow sources (e.g., P1 and P2) but is less effective in clearly
defining the boundaries of the deeper sources. This finding indicated that THDR and ASA are primarily effective
for detecting shallow structures with considerable vertical extents. The TA detector exhibited difficulty in pre-
cisely delineating horizontal boundaries when anomalies are generated by sources with both positive and negative
density contrasts. Spurious edges were detected around P2, P3, and P4. Similarly, false edges were noticed with

150 1504

(a) 3D view
(b) Top view
B P4
150 1
100+ | P1 1
y (km)
0 ]
z (km) 50
- - 50 100 150 isal

100 1

50

(c) Noise-free

0 50 100 150 200 0 50 100 150 200
x (km)

Figure 1. (a) Side view of the synthetic model, (b) Top view of the synthetic model, (c) The generated noise-free data, (d) The
noise-contaminated gravity anomaly (NR = 20%, but generates a ~6% relative error to the clean data).
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Figure 2. Outputs of the edge detectors applied to the synthetic noise-free gravity anomaly shown in Figure lc. Blue rectangles denote the edges of the prisms.

other detectors (TM, TA_THDR, TDX, ITDX, and MNTH), highlighting the inability of these operators to
effectively resolve both positive and negative amplitude contrasts. However, most of these approaches yielded
relatively well-balanced, high-resolution results, with the exception of TA_THDR, which produced ambiguous
outcomes. Furthermore, TAHG displayed fewer compact responses, with their peak amplitudes surrounded by
diffusive, weaker signals.

LTHG, ILTHG, and HTHG demonstrated superior performance in delivering the most pronounced and well-
resolved responses for source boundaries. However, it should be noted that the effectiveness of the LTHG and
ILTHG detectors is contingent upon the user-defined parameter a. Here, a = 3 was used to achieve the satis-
factory result, while the performance of the two methods controlled by different a values will be discussed later.

Comparatively, HTHG operated without parameter adjustments, making it the most robust method for processing
noise-free gravity data.

Figure 3 illustrates the results of applying these operators to the synthetic gravity data with simulated noise
(NR = 20%; data in Figure 1d), providing a more comprehensive evaluation of their performance. As expected, all
detectors were influenced by the amplified noise from the derivative calculation process, despite the relatively
low noise magnitude (Re = 6%). Normalization-based filters and high-order derivative methods exhibited
remarkably poorer performance, with ILTHG retaining only minimal useful edge information compared to LTHG
and HTHG. This finding highlighted the critical need for noise reduction strategies before the applications of
these types of operators to preserve edge detectability in the presence of noisy data.

Several noise reduction strategies were developed to stabilize derivative computations, such as the backward
finite difference (BFD) approach (Florio et al., 2006; details of this method are given in Appendix A), the fourth-
order Tran-Nguyen (FTN) formula (Tran and Nguyen, 2020; details of this method are given in Appendix B), and
the p-vertical derivative (f-VDR; details of this method are given in Appendix C) method (Oliveira and
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Figure 3. Outputs of the edge detectors applied to the synthetic noisy gravity anomaly shown in Figure 1d. Blue rectangles denote the edges of the prisms.

Pham, 2022). Additionally, the non-local means (NLM) function (Buades et al., 2011) and modified NLM
(MNLM) (Ai, Alvandi, et al., 2023; details of this method are given in Appendix D) were proposed prior to
derivative calculations as noise reduction filters.

BFD, FTN, and $-VDR, basically, are generated using finite difference theory, which yields the capability of
suppressing the small-scale noise during the derivative calculation process. MNLM, on the contrary, attenuates
the small-scale noise prior to the differentiation process via parameter tuning and spatial convolution. The per-
formance of each filtering operator is affected by its respective control parameters, which are distinct for each
approach: i for BFD and FTN, g for f-VDR, and H for MNLM. However, none of the previous works gave
detailed analyses on the parameter tuning quantitatively or qualitatively.

Within this work, following the available works of determining regularization parameters, the Lp (p = {1;2}; see
Pasteka et al., 2012) norms and C norm (a special form of the Lp norm regarding Karcol and Pasteka (2025)) are
used as tools for such tuning parameter estimation. Notably, the tuning parameters of the BFD, FTN, -VDR, and
MNLM methods are different from the optimization frame of regularization methods. We thus innovatively used
the Lp norms and C norm to tune these control parameters.

Basically, the Lp norms and C norm are calculated via the difference between two consecutive solutions
calculated for the pre-determined tuning parameter sequence. Refer to the works of Pasteka et al. (2012) and
Karcol and Pasteka (2025) for more details.

Definitely, the trial-and-error method is still valid and commonly used. Except for the mentioned approaches for
determining the tuning parameter, there are several other methods including: Shape of Anomaly curve
(René, 1986), Generalized Cross Validation method (Wahba, 1990), L curves (Hansen, 1994) or Variance
Component Estimation method (Kusche and Klees, 2002), which will not be discussed here.
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Figure 4. The calculated Lp norms and C norm of the f-VDR, BFD, FTN, and MNLM methods varying with the control parameter coping with the synthetic noisy data
with different noise ratios (NR = 20% related to the left two columns and NR = 100% related to the right two columns). The red, green, blue, and purple curves denote the
variation of the values calculated using L1 norm, L2 norm, C norm, and CC. The left axis presents the values of the Lp norms and C norm, and the right axis stores the
values of the CC value.

3.1. Synthetic Tests With Different Noise Levels

To assess the performance of the involved four noise attenuation methods, we perform BFD, FTN, p-VDR, and
MNLM on the noise-corrupted response with different levels (VR = 20% and NR = 100%). Notably, within this
study, BFD, FTN, and -VDR are solely implemented to calculate the vertical derivative as previously imple-
mented within the study of Oliveira and Pham (2022). The MNLM can be used to suppress noise related to
derivatives of different directions, as it is a spatial filter prior to the derivative calculation process.

For the synthetically generated noisy cases, we can actually identify these quasi-optimal control parameters by
locating the maximal correlation coefficient (CC) factor calculated using the derivatives from the noise-free and
denoised data controlled by different tuning parameters. However, for the subsequent field cases, the CC factor is
absent due to the absent pure noise-free field data set.

Figure 4 stores the calculated Lp norms and C norm of the involved four noise suppression methods, with the CC
value varying with the control parameter. The left and right two columns exhibit the results of the NR = 20% and
NR = 100% cases, respectively. The parameter  was varied from 1 to 200 in increments of 1, # was adjusted from
1 to 40 with a step size of 0.1, and H was tuned from 0.05 to 3 in increments of 0.05. The red, green, blue, and
purple curves denote the variation of the values calculated using L1 norm, L2 norm, C norm, and CC. Notably, the
left axis in Figure 4 presents the values of the Lp norms and C norm, and the right axis stores the values of the CC
value. Within the two noisy cases, the left column shows the Lp norms and C norm regarding the BFD, FTN, and
p-VDR methods on the vertical derivative calculation. The right column gives the four curves of the MNLM
method with respect to the three directions' derivative calculation.

Generally, the results presented in Figure 4 suggested that denoising performance is strongly related to the
parameter tuning process, rather than by arbitrarily applying large values. Larger values effectively reduced noise,
but they also attenuated shorter wavelength details, resulting in less favorable outcomes (Ai, Alvandi,
et al., 2023).
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Based on the work of Pasteka et al. (2009) and Karcol and Pasteka (2025), we can identify the estimation of the
tuning parameter by locating the local minimum within the Lp norms and C norm. However, there are no local
minima at all within the Lp norms and C norm. These curves rather yield the similar features of the “L” curve.

We thus can roughly determine the regularization parameter according to the “elbow” part of the L. curve when
dealing with field cases by performing the denoising processing with some of the values within the biggest
curvature range.

Speaking of the CC curve, the variation shown in Figure 4 is small within the near side of the maximum CC
values. Based on the highest correlation coefficients across different NR levels, MNLM exhibited the best per-
formance regarding the vertical derivative, achieving maximum correlation coefficients of 0.994 and 0.9655 for
NR levels of 20% and 100%, respectively.

P-VDR performed slightly below MNLM, yielding correlation coefficients of 0.992 and 0.9599 for the same NR
levels. The BFD approach exhibited the weakest performance among the evaluated approaches. Applications
revealed that the optimal § value increases with rising noise levels, reaching 47 and 82 for the respective NR
levels. In contrast, the optimal H value decreased as noise intensity increased, with corresponding values of 0.7
and 0.6. This trend is attributed to the definition of H in MNLM, where it serves as a ratio relative to the magnitude
of the noisy data. At higher noise levels, the “min (max (~))” term increases, necessitating a smaller H value to
effectively suppress noise while preserving small-scale details.

Furthermore, the tuning parameter of MNLM is much less sensitive to the noise levels compared to the rest of the
denoising methods. The “elbow” part of these curves within the other three methods yields a more pronounced
discrepancy with the maximal CC values, indicating the effectiveness of the three methods cannot be guaranteed
when dealing with more complex situations.

These features make MNLM a robust method for suppressing randomly distributed noise. Especially in the
application of field cases, there is no CC curve that can maximize the performance of MNLM; the discrepancy of
selecting the optimal tuning parameter will degrade the performance of MNLM. But, regarding the fact that the
“elbow” part of these curves yields high consistency, the maximal CC value and the CC curve barely change
within a big range of the “elbow” part. The quasi-optimal tuning parameter thus will not heavily contaminate the
performance of MNLM.

Next, for the first noisy data (NR = 20%), the 12 edge detectors were applied to the denoised data via MNLM with
the tuning parameter shown in Figure 4. The results (Figure 5) validate the effectiveness of noise attenuation in
improving edge detection performance. Among the edge detectors, HTHG yielded the most distinct and well-
defined edge information with minimal noise, while LTHG (a = 3) also performed effectively but generated
small-amplitude artifacts around the maximal amplitude parts that hindered accurate edge identification. In
contrast, ILTHG (a = 3) exhibited weak performance, with its sharp edges covered by substantial noise artifacts.

The performance of the filters was further evaluated by utilizing the f-VDR method to mitigate noise during the
application of the edge detectors. The tuning parameter of f-VDR was also determined via the Lp norms and C
norm as mentioned above. In this case, the effectiveness of HTHG was reduced, and the edge of P4 was scarcely
identifiable, although the noise level remained lower compared to the other methods (Figure 6). While ILTHG
and LTHG were able to reveal rough edge information, their performance was undermined by noise artifacts. A
comparison between Figures 5 and 6, particularly the HTHG results obtained from data denoised with MNLM
and f-VDR, reveals that MNLM offers superior noise suppression with the same parameter tuning strategy. The
combination of MNLM and edge detection approaches yielded improved results by reducing noise amplification
during the derivative calculation process, thereby preserving the success of the edge detectors. For simplicity, the
performance of integrating the other two denoising methods dealing with the synthetic noisy data will not be
discussed here because the maximal CC values shown in Figure 4 already proved the other two methods are not
satisfactory.

3.2. The Control Parameter Effect of the LTHG and ILTHG Methods

As mentioned above, the control parameter a affects the performance of the detected results achieved by the
LTHG and ILTHG methods. Figure 7 exhibits the detailed performance of the LTHG and ILTHG methods with
the control parameter @ = 1 and 5 under different situations. Regarding all the results presented in Figure 7, we
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Figure 5. Results from the edge detectors used on the synthetic gravity anomaly with NR = 20%, which was denoised using MNLM (Hz = 0.7, Hy = 0.5, Hx = 0.55 for
the three directions). Blue rectangles denote the edges of the prisms.

can see that the LTHG and ILTHG with a@ = 1 give unwanted performance with annoying interfering artifacts
compared with the situation of the LTHG and ILTHG methods with a = 5. Notably, the noise or remaining noise
from the imperfect denoising procedure also significantly contaminates the results of the two methods. These
features proved also the necessity of using a suitable noise attenuation method during the implementation of the
edge detection methods.

Comparing Figures 5-7, LTHG is capable of achieving satisfactory results as the HTHG method as long as a > 1
and suppressing the small wavelength information via MNLM when dealing with more practical situations
compared with ILTHG. ILTHG performs unsatisfactorily when the input data contains interfering information
regardless of the tuning parameters used. To the best of our knowledge, this is also the first study of integrating the
MNLM with LTHG to enhance the performance of LTHG when the data is noise-contaminated.

Additionally, as the a increases, the edge information of LTHG will be more compact and thin (but small-
magnitude interfering artifacts around the authentic edges are still observable), which may be useful when
dealing with some cases needing ultra-high resolution.

But in our case, we prefer the utilization of HTHG without any control parameter but still can generate robust and
clear edge information. Less control parameter involvement will achieve more objective results.

3.3. The Downsampled Data Effect

Speaking of real-world applications, the resolution of the obtained data also matters. Figure 8 presents the
calculated Lp norms and C norm of the f-VDR, BFD, FTN, and MNLM methods varying with the control
parameter coping with the downsampled noisy data (NR = 20%; the downsampled data size is 51 X 51 instead of
201 x 201). The best CC values of the MNLM case vary slightly (still around 0.7), and they still obtain good
consistency of the “elbow” of these curves; however, the best tuning parameters of the other three methods yield
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Figure 6. Outputs of the edge detectors applied to the synthetic gravity anomaly denoised using f-VDR (f = 47). Blue rectangles denote the edges of the prisms.

significant changes compared to that of the noisy data case with NR = 20% and a data size of 201 X 201. More
importantly, the “L” curve-like feature vanishes, which increases the difficulty of identifying these parameters.
These phenomena are similar to the aforementioned features related to Figure 4. In conclusion, MNLM out-
performs the other three noise attenuation methods regardless of the noise levels and data size. Its tuning
parameter can be robustly determined via the “elbow” part of the Lp curves and C norm.

3.4. The Regional Anomaly Effect

One of the biggest problems in dealing with potential field data is the elimination or separation of regional in-
formation. This section is dedicated to investigating the regional effect on edge detection. Equations 17-20
present the simulation of the regional effect Eﬁg with the basic assumption that the regional information can
be approximated by polynomials (Ai, Ekinci et al., 2023). This simulation is acceptable, as many regional in-
formation suppression methods are based on different orders of polynomials (Chen et al., 2024).

dregx = 107°X° +107°X% + 107°X" — 10 17)

dregy = —107°Y? = 107 = 107°Y" — 10 (18)

reg = dregx + dregy (19)

Elreg _ d::;nalized x mean(dyy,) X 3, d;leo;nalized = [dyeg/max(dieg)]- (20)

X and Y here denote the horizontal coordinates of the calculation grid. Correspondingly, Figure 9a shows the
generated regional anomaly, and Figure 9b gives the most practical simulation of the real-world potential field
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Figure 7. The performance of the LTHG and ILTHG methods with the control parameter @ = 1 and 5 under different situations. (al)—(b1l) shows the results of the two
methods dealing with the noise-free data with @ = 1. (a2)—(b2) illustrates the results of the two methods dealing with the noise-free data with @ = 5. (c1)—(d1) stores the
results of the two methods dealing with the noisy data (NR = 20%) with a = 1. (c2)—(c2) illustrates the results of the two methods dealing with the noisy data (NR =20%)
with @ = 5. (el)—(f1) exhibits the results of the two methods dealing with the denoised data via MNLM with a = 1. (e2)—(f2) exhibits the results of the two methods
dealing with the denoised data via MNLM with a = 5. (g1)—(h1) exhibits the results of the two methods dealing with the denoised data via f-VDR with a = 1. (g2)—(h2)
exhibits the results of the two methods dealing with the denoised data via -VDR with @ = 5. Blue rectangles denote the edges of the prisms.

data. That is, the gravity anomaly from the synthetic model further contains regional effects and random noise
(NR = 20%). Figures 9c and 9d exhibits the side views of (a) and (b), respectively.

With the simulated data in Figure 9b, if we directly perform the involved 12 edge detectors on the data, the results
will share no big difference with that of Figure 3 due to the random noise amplification problem during the
derivative calculation. We thus first attenuate the random noise using MNLM within Figure 9b and apply the 12
edge detection methods on the gravity anomaly with regional effect and the remaining noise from the MNLM
denoising process to investigate the regional anomaly effect. Moreover, basically, if the regional anomaly is a
constant, the involved 12 edge detection methods will not be influenced due to the derivative calculation. But the
regional information simulated by the third-order polynomials may erode the performance of some edge
detectors.
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Figure 8. The calculated Lp norms and C norm of the g-VDR, BFD, FTN, and MNLM methods varying with the control
parameter coping with the downsampled noisy data (NR = 20%; the downsampled data size is 51 X 51 instead of 201 X 201).
The red, green, blue, and purple curves denote the variation of the values calculated using L1 norm, L2 norm, C norm, and
CC. The left axis presents the values of the Lp norms and C norm, and the right axis stores the values of the CC value.

Figure 10 contains the outputs of the 12 edge detectors (the tuning parameter of the LTHG and ILTHG methods is
still @ = 3) applied to the synthetic gravity anomaly with regional effect with random noise attenuated by MNLM.
Comparing Figures 5 and 10, the regional information left obvious artifacts within the results of the TM, TDX,
and MNTH (see the pointed parts via blue arrows). Other results are similar to that of Figure 5 with unnoticeable
information from the regional anomaly. Notably, HTHG and LTHG methods yield the most satisfactory results
with clear, unaffected, and well-balanced amplitude edge information and with mild interrupting information at
the right boundary. But in further comparison, LTHG contains more obvious small-amplitude artifacts around the
authentic edges, as the blue arrow indicates. We can thus conclude the HTHG method is not significantly affected
by the regional anomaly simulated by third-order polynomials due to the effective combination of different orders
of derivatives.

4. Applications With the Aristarchus Plateau Gravity Data

The synthetic experiments underscored the efficacy of the HTHG method in outlining the lateral boundaries of
subsurface geological structures. Consequently, the HTHG detector was applied to lunar gravity data to map the
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Figure 9. (a) The generated regional anomaly, (b) The gravity anomaly from the synthetic model further contains regional
effect and random noise (NR = 20%), (c) Side view of the regional anomaly, and (d) Side view of (b). P1-P5 in (b) are the
labels of the five buried sources. Red rectangles denote the edges of the prisms.

abrupt lateral density variations within the Aristarchus plateau. The topographic and Bouguer gravity data sets
utilized here were obtained from Liang et al. (2024). In their study, the digital elevation model of the moon was
used. Additionally, Liang et al. (2024) performed a morphological analysis using SELENE terrain camera data
(10 m/pixel). The free-air and Bouguer gravity data were obtained from the lunar gravity model GRGM1200L
(Goossens et al., 2020). Liang et al. (2024) eliminated spherical harmonic degrees and orders below six from the
model to underscore small-scale effects. To further minimize other interfering effects, they also removed har-
monic coefficients above degree 660. The Bouguer gravity anomalies were calculated by subtracting the topo-
graphic effect from the free-air gravity anomaly. Figures 11a and 11d demonstrate the topographic and Bouguer
gravity maps of the Aristarchus plateau, respectively, as derived from Liang et al. (2024). A prominent negative
anomaly within the uplifted block of the plateau is clearly seen. This response is most likely associated with the
presence of a deep mountain root. Figures 11b and 11c display the profiles extracted from the topographic data,
whereas Figures 11e and 11f illustrate the associated Bouguer gravity anomalies.

We began with the application of 12 aforementioned edge detectors to the lunar gravity anomalies without any
small wavelength information reduction. Figure 12 demonstrates the outcomes of the detectors. These edge
detection results are not heavily corrupted by the amplified small wavelength information during the derivative
calculation process, which indicates the spherical harmonic analysis is also a useful tool to suppress unwanted
interfering information. Consistent with Figure 2, the detected boundaries share similar characteristics. The
THDR operator predominantly highlighted large-amplitude anomalies, pointing to the potential existence of
shallow sources beneath the Aristarchus crater. The ASA operator indicated a significant mass beneath the crater
and to the south; however, both THDR and ASA are insufficient for accurately identifying deeper sources. The
TA detector exhibited lengthy and spurious boundaries, while TM, TDX, ITDX, and MNTH generated some
artifacts that hindered the identification of meaningful edge information. The TA_THDR approach provided a
limited and imbalanced outcome. The LTHG (a = 3) and HTHG detectors demonstrated superior performance
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Figure 10. Outputs of the edge detectors applied to the synthetic gravity anomaly with regional effect with random noise attenuated by MNLM. Blue rectangles denote

the edges of the prisms.

compared to the ILTHG (a = 3) and TAHG approaches, as they produced edge information that is precise, well-
defined, and readily identifiable.

The TAHG operator failed to achieve the necessary high resolution, while ILTHG generated an overabundance of
small-scale features that impede effective boundary detection. In general, HTHG showed superior performance
by delineating geological structure boundaries with clarity and negligible artifact contamination. While LTHG
demonstrated acceptable performance, it produced edges with more pronounced small-magnitude “shadows,”
making the edge information less compact and credible than those generated by HTHG. This finding indicated
superior capability of the HTHG detector in delineating geological boundaries at the Aristarchus plateau with
proper spherical harmonic analysis.

Subsequently, we generated the edge detector outputs from the lunar gravity anomaly that had been denoised
using the MNLM filter with the parameter tuned via the Lp norms and C norm (the results presented within the
right column of Figure 13). H was tuned from 1 to 10 in increments of 0.5. The determined tuning parameters of
MNLM are given within Figure 13. Notably, there is no correlation coefficient curve in dealing with real-world
cases. A comparison between Figures 12 and 14 further demonstrated the importance of small wavelength noise
reduction in edge detection, as even slight random noise can significantly distort edge detection solutions due to
the amplification during derivative computations.

Among the detectors employed, HTHG generated the most well-defined structural boundaries with minimal noise
interference (Figure 14), which further validates its superior performance observed in Figure 12. While LTHG
also yielded good outcomes, it still introduced subtle shadow-like artifacts. ILTHG remained less effective than
HTHG due to small-scale artifacts that distorted its sharp edge information. Other detectors demonstrated the
previously observed limitations that make them less effective for detailed edge detection.
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Figure 11. The topographic (a) and Bouguer gravity (d) data sets are obtained from Barker et al. (2016) and Liang
et al. (2024). Two profiles (b and c) extracted from the topographic map and their corresponding gravity anomalies (e and f)
are shown.

4.1. The « Effect of the LTHG and ILTHG Methods Regarding the Lunar Gravity Data

Consistent with the synthetic tests, we here also investigate the parameter-selecting effect on the LTHG and
ILTHG methods. Figure 15 exhibits the performance of the LTHG and ILTHG methods dealing with the lunar
gravity data with the control parameter @ = 1 and 5 under different situations. Regarding the results presented in
Figure 15, the LTHG and ILTHG with a = 1 also give unwanted performance with annoying interfering artifacts
compared with the situation of the LTHG and ILTHG methods with @ = 5 as aforementioned within the synthetic
tests.

Comparing Figures 14 and 15, LTHG achieved comparable results as the HTHG method with @ = 5. Even the
subtle shadow-like artifacts are further suppressed when comparing the case of @ = 3 and @ = 5. However,
speaking of the edge consistency, HTHG still performs better. Doubtlessly, ILTHG performs weaker in dealing
with field data containing interfering information regardless of the tuning parameters used. With these features,
we thus still can say HTHG yields the precious capability of generating robust, consistent, and clear edge in-
formation without any control parameter selecting, making it a valuable method for tackling more complex
problems.

4.2. Comparison of the BFD, FTN, and -VDR

As we already made clear, the HTHG method outperforms the rest of the edge detection techniques. Figure 16
shows a further comparison related to the HTHG method with the noise attenuation method of MNLM, p-VDR,
BFD, and FTN, respectively. The parameters of the f-VDR, BFD, and FTN methods are also tuned regarding the
Lp norms and C norm (depicted in the left column in Figure 13). The determined tuning parameters of the three
methods are also denoted within Figure 13. It should be noted that the curves in the left column of Figure 13 show
the vertical directions calculated for the THDR so that the HTHG method can be achieved regarding Equation 13.
Other direction derivatives are obtained via the scripts within the work of Castro et al. (2018). But for MNLM, it
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Figure 12. Outputs of the edge detectors directly applied to the lunar gravity anomaly.

works differently compared to the other three methods, as it denoises the data prior to the derivative calculation
process. As the results in Figure 16 show, HTHG combined with MNLM yields the best performance, which is
consistent with the synthetic tests.

In brief, the experiments with lunar data from the Aristarchus region highlighted the effectiveness of HTHG in
edge detection. The noise amplification during derivative calculation can influence the performance of edge
detectors; therefore, integrating methods such as MNLM may help produce balanced and clear outcomes. HTHG
combined with MNLM proved the best performance in mapping the lateral density contrast variation beneath the
study area on the Moon, with the potential to provide more crucial insights into the geological processes shaping
the natural satellite.

5. Validation of HTHG Outcomes

To validate the results of HTHG, we applied the mixed-weighted focusing inversion method and the correlation
coefficient imaging technique to the extracted profiles shown in Figures 11e and 11f and compared the outcomes
from different approaches. Mathematical details of these approaches are given in Appendix E and Appendix F,
respectively.

In brief, the derivative-based mixed-weighted focusing inversion method iteratively updates the subsurface
density contrast distribution to ensure its computed response matches the observed anomalies. Although this
method reconstructs this distribution, its performance can vary considerably based on the selected control
parameter values. This sensitivity to parameters is due to the characteristic non-uniqueness of gravity inversion.
Therefore, careful parameter tuning is crucial for reconstructing reliable density contrast images. Correlation
coefficient imaging, on the contrary, is a fast method that maps subsurface properties without the need for iterative
optimization and any parameter tuning. This approach provides only a rough approximate geometry of the
causative sources, without calculating the synthetic gravity anomaly. If a grid cell attains a correlation coefficient
close to 1, it likely indicates the presence of a causative mass with a positive density contrast. Additionally, a key
advantage of this procedure is its independence from model parameters, making it a supportive tool for extracting
subsurface information.
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Figure 13. The calculated Lp norms and C norm of the f-VDR, BFD, FTN, and MNLM methods varying with the control
parameter coping with the Gravity Recovery and Interior Laboratory data at the Aristarchus plateau. Notably, the calculated
Lp norms and C norm related to #-VDR, BFD, and FTN are based on the vertical derivative of Total Horizontal DeRivative.
The red, green, and blue curves denote the variation of the values calculated using L1 norm, L2 norm, and C norm.

For the purpose of directly showing the pros and cons of the two inversion strategies, Appendix G gives a
synthetic test based on a 2D gravity model. Refer to Appendix G for more details. As the results presented in
Appendix G, only by combining more different processing methods (e.g., edge detection, gradient-based
inversion, and fast geometric imaging) to cross-validate the obtained results can more reliable interpretation
be achieved.

The topographic map along with the HTHG results applied to the denoised data is shown in Figure 17. The map
also includes the extracted profiles shown in Figure 11 for direct comparison. Figures 18 and 19 illustrate the
HTHG outcomes and density contrast models derived from mixed-weighted focusing inversion and correlation
maps for profiles A-A’ and B-B, respectively. We here used Max_iter =5,y =0.1,{=2,£=0.8,ande = 10" to
achieve the gradient inversion. Consistent with the synthetic test shown in Appendix G show, the focusing
inversion method delivered more refined mapping of density contrast distribution (Figures 18b and 19b),
capturing fine-scale subsurface features, whereas the correlation imaging approach produced a smoother
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Figure 14. Outputs of the edge detectors applied to the Gravity Recovery and Interior Laboratory data at the Aristarchus plateau denoised using MNLM.

Without MNLM
LTHG (a=1)

1750 -1650 -1550 -1450

-1450 : -1350 -1650 -1550 -1450 -1350 1750 -1650 -1550
X (km) 0.95 0.45 20.05

Figure 15. The performance of the LTHG and ILTHG methods with the control parameter @ = 1 and 5 without (the left two columns) and with (the right two columns)

the MNLM method regarding the lunar gravity anomaly at Aristarchus.

With MNLM

-1350

~1650 -1550

AL ET AL.

20 of 32

85U8017 SUOWILLIOD BAIEID 3|qedldde 8y} Aq peuLenob 818 S VO ‘88N JO SBINJ 10} AReIq 1T 8UIIUO /8|1 LD (SUORIPUOD-PUR-SWLRY/W0 A8 1M AJe1d]1BUTUO//SANY) SUORIPUOD PUB SWB L 31 385 *[GZ02/TT/0T] Uo ARiqiauluo A8|Im ‘Pl 80USpIAT 8UeII0D A8XIn L Ad 6/€700Y3S202/620T OT/I0p/W0dAa| 1M Aeiqjeut|uo'sandnbe//sdiy Wwoiy pepeojumod ‘g ‘S20Z ‘YB0SEEET



V od |
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Earth and Space Science

10.1029/2025EA004379

(a) HTHG from MNLM

-1550

X (km)
(c) HTHG from BFD

-1750 -1650

-1450

(b) HTHG from § VDR

0.9

6504,

-1350 4750  -1650  -1550  -1450  -1350

(d] HTHG from Tran & Nguyen 4th order
T

850+

ol 2
.
AR

0.9 gsot 0.9

-'r..

) W
.

\

J:“‘-_;

X /*3w«-=m )

750+

.

Iin:hur-\ I

N:

750+

¥

650-

6501, ,

\ J f‘—} ,e..sfmusp |

»
r’-‘.
!‘l.

=

i - ’
il

- !

-1550

-1 450

-1 éso

-1 750

-1 650

-1 550

-1 450

1750

-1650

Figure 16. The performance of the HTHG method dealing with the lunar gravity anomaly at Aristarchus with the noise
attenuated by MNLM (a), #-VDR (b), BFD (c), and FTN (d), respectively.

structural representation that omits these intricate details (Figures 18c and 19c). Notably, the abrupt lateral
changes in density distribution seen in the inverse model satisfactorily mirror the structural boundaries revealed
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Figure 17. The Aristarchus plateau's topography and HTHG edge-detection
results after MNLM denoising. Profiles A-A’" and B-B’ are also displayed.

by HTHG, as shown by the dashed lines within Figures 18 and 19. It is clear
that the HTHG operator successfully identifies sharp transitions between
positive and negative density distributions. The low-density zone from the
results of Figures 18 and 19 beneath the Aristarchus crater was distinctly
delineated. In Figures 18 and 19, (d) illustrates the data-fitting performance of
the focusing inversion method, while (e) and (f) depict the progression of the
stopping criteria within three iterations.

Furthermore, Figures 20 and 21 demonstrate the density contrast distribution
recovered from gravity inversion of the two profiles via the mixed weighting
function with three different combinations of control parameters without
changing the u factor (shown in the left column; the exact values of the
combinations of control parameters are also denoted within). The associated
fitting performance is shown in the right column. For simplicity, the
convergence curves are not shown. Each of the recovered density distribu-
tions is obtained via the mild alteration of the parameters ¢, £, and ¢; however,
the retrieved models are obviously different. The fitting performance of the
three cases is generally the same regarding the lunar data inversion. These
features vividly prove the well-known ill-posedness problem of potential field
data inversion. Nevertheless, from the general perspective, we can at least
know there are bodies buried under the selected profile. We combined the
inversion results from different control parameters and the fast correlation
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Figure 18. (a) Shows the topography (blue triangles) in kilometers and edge-detection output (solid black line) for the profile A-A’. (b) Shows the density contrast
distribution from gravity inversion with a mixed weighting function. (c) Illustrates the estimated subsurface structure using correlation imaging. (d) Shows the

successful data fit from the inversion, and (e) and (f) display the stopping criteria variation across iterations, demonstrating convergence within three iterations. Refer to
the text for detailed descriptions.

coefficient imaging method and finally determined the algorithm control parameters to be y = 0.1, { =2, £ = 0.8,
and & = 107°, used in Figures 18 and 19.

The horizontal range of the low-density zone under the Aristarchus crater is in good agreement with the solution
of HTHG. However, HTHG indicated an anomaly zone beneath the Krieger region with two sharp maxima of
varying amplitudes, but the gravity inverse model did not produce such a distinct mass distribution in that region
due to the possible reasons of data resolution, inversion cell discretization, and inversion uncertainty. The solution
map obtained from HTHG efficiently delineated the boundaries between the masses of different densities.

It should be emphasized again that no method is perfect. The derivative-based mixed-weighted focusing inversion
can provide the lateral and vertical density distributions with high resolution compared to correlation coefficient
imaging, but the results were determined by the algorithm-based control parameters. The correlation coefficient
imaging can only provide a rough or ambiguous geometric distribution due to its non-derivative-based imple-
mentation, but its results are free from the influence of parameter tuning, even if the measured data is noise-
contaminated. The HTHG operator can provide very accurate and high-resolution lateral edge information of
the buried structures (unlike the aforementioned LTHG and ILTHG methods, the resolution of HTHG is
inherently independent of user-defined parameters); however, it suffers from the small wavelength noise within
the obtained data, which will be amplified during the derivative calculation process, so that a noise attenuation
method such as MNLM should be integrated with proper tuning parameter selection, making HTHG indirectly
parameter-tuning-needed. Therefore, only by integrating the different merits of the edge detection, gradient-based
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Figure 19. (a) Shows the topography (blue triangles) in kilometers and edge-detection output (solid black line) for the profile B-B’. (b) Shows the density contrast
distribution from gravity inversion with a mixed weighting function. (c) Illustrates the estimated subsurface structure using correlation imaging. (d) Shows the

successful data fit from the inversion, and (e) and (f) display the stopping criteria variation across iterations, demonstrating convergence within three iterations. Refer to
the text for detailed descriptions.

inversion, and fast geometric imaging to cross-validate the obtained results can more reliable interpretation be
achieved.

The low-density distribution beneath the Aristarchus crater identified in this study closely aligns with the 3D
inversion results reported by Liang et al. (2024). This low-density anomaly is most likely due to the combination
of Moho topography, impact-induced fractures, dilatancy, and uplifted material, as detailed by Liang et al. (2024).

6. Conclusions

Edge detection is widely utilized in the interpretation of potential field data for mapping boundaries between
geological structures. A wide range of techniques have been developed for delineating the boundaries of
geological sources by using different combinations of directional derivatives of potential field anomalies.
However, these filtering operators often suffer from artifacts, limited resolution, noise amplification during
derivative computations, and challenges in balancing amplitudes of sources placed at different depths. Here, we
used the recently proposed HTHG operator, which incorporates the hyperbolic tangent function with horizontal
and vertical gradient amplitude derivatives, to overcome these challenges in edge detection procedures. We
initially assessed the performance of HTHG in comparison with eleven edge detection techniques using both
noise-free and noisy synthetic gravity data sets. In these cases, the HTHG operator showed better performance

AL ET AL.

23 of 32

8508017 SUOWILIOD A IIER.D 3|qedl|dde au) Aq peuenob ake S9o1Me YO 8SN JO Sa|nJ 10} ATId1T8UIUO A1 UO (SUORIPUOD-PUR-SULBIALICO™AB|IMAeIq 1[BU 1 U0//SANY) SUORPUOD PUe SWie 1 81 89S *[GZ02/TT/0T] Uo AfeiqiTauliuo A8|IM ‘P1v 80USPIA 8URI400D AoXInL Aq 6.£700VAGZ02/620T 0T/10p/ w00 Ao im Akeaq i uo'sqndnfe;/sdny Wwo.y pepeoiumod ‘g ‘520z ‘vBOSEEEZ



. Y d N |
MMI
ADVANCING EARTH
AND SPACE SCIENCES

Earth and Space Science 10.1029/2025EA004379

(a1)

(b1)

(c1)

E20
=
£ 30
840
50
60

e Obtained via inversion|

p=0.1, {=2, £=0.8, and £=10""° Perfectly fit

(a2)

il [ / °
3
’ glcm’ & 50
02 E
1}
-100

-0.2

200 250 -100 -50 0
x(km)  ;=0.1, ¢=2, §&=1.5, and £=10"° mGal

100

. (b2)
| ' 0
3 @
glem™ 5 _
100
0.2
50 100 150 20

0 250 <100 -50 0
p=0.1, {=1, £=0.8, and £=10° mGal

AL

mGal

“ (c2)
0
gjfcr'n3 50

100 150 200 250 -100 -50 0
mGal

Figure 20. The density contrast distribution recovered from gravity inversion of the profile A-A’ via the mixed weighting function with three different combinations of
control parameters without changing the u factor (shown in the left column; the exact values of the combinations of control parameters are also denoted within). The
associated fitting performance is shown in the right column. For simplicity, the convergence curves are not shown.

in delineating source boundaries, achieving higher accuracy, resolution, and amplitude balancing compared to
the other detectors in noise-free data case. However, similar to other filters, HTHG exhibited sensitivity to
noise amplification during derivative calculations. To address this, we examined various noise reduction
techniques and evaluated the effect of parameter tuning for each technique when integrated with the edge
detectors. The use of HTHG with MNLM produced the most effective results. Finally, we applied HTHG to the
gravity data of the Aristarchus region on the Moon. The results were compared with those obtained from 2D
gravity focusing inversion, the correlation imaging algorithm, and the previously reported outcomes of 3D
inversion. The findings from edge detection and inversion complemented each other, collectively strengthening
the interpretation. The prominent low-density anomalous zone beneath the Aristarchus crater is most likely due
to the combined effects of Moho relief, impact-induced fracturing, dilation, and localized uplifted silicic layer.
This study highlights the efficacy of the HTHG operator in addressing edge detection challenges and under-
score the necessity of integrating various methods, including edge detection, noise suppression, imaging, and
inversion, to guarantee the interpretation reliability and enhance our understanding of the Moon's subsurface
geological framework.
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Figure 21. The density contrast distribution recovered from gravity inversion of the profile B-B’ via the mixed weighting function with three different combinations of
control parameters without changing the u factor (shown in the left column; the exact values of the combinations of control parameters are also denoted within). The
associated fitting performance is shown in the right column. For simplicity, the convergence curves are not shown.

Appendix A: BFD

The BFD approach is expressed by (Florio et al., 2006):

0z

0P _ P-P[=(h X Ah)]

hx Ah (A1)

where the parameter / controls the spacing increment in both horizontal directions.

Appendix B: FTN

Tran and Nguyen (2020) implemented a finite difference approach to enhance the stability of derivative calcu-
lations. Here, we used the following definition as recommended by Oliveira and Pham (2022):

OP _ 25X P-48 X PI=(h X A)] + 36 X P[—(2h X AR)]-16 X P[—(3h X AR)] + 3 X P[~(4h X Ah)]

(B1)

0z

12 % (h x Ah)

Similar to BFD, the parameter / controls the FTN approach.
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Appendix C: f-VDR Method
The f-VDR technique using a finite difference approach can be used to reduce undesired effects while computing
the derivatives (Oliveira and Pham, 2022):
oP Y ciP(hy)
—===__ Cl
0z Ah €D
where
(2P + 156 + 356 +25)
a= 12,
(=88 — 5457 — 1045 — 48)
2= 12,
128° + 72/% + 1145 + 36
3 = ( ) (C2)
12,
(-8p° — 424° — 56 — 16)
Cp =
¢ 12,
(2P +9 +11p+3)
= 12,
where P(h;) is the upward continued data at h; = —fAh—(i—1)Ah, Ah is the spacing increment, and S is the
stabilizing parameter. In this study, we used Ak = 1/10 of grid spacing.
Appendix D: NLM and MNLM Filters
Buades et al. (2011) introduced NLM as a spatial filter which evaluates the entire data for repeated patterns taking
advantage of self-similarities within the data to improve denoising. This filter is expressed by:
~ . D: D. 8 i
NG =2, 5D @P ) NG " (P g)/N_f (D1)
where
o(p.q) = exp (=S(p.q)/H") (D2)
D D.
N = D @(P:4) (D3)
Here, szj.gcmng is a D x D matrix (D = 2Ds + 1) centered at (i, j), @ denotes a weight factor and N-f serves as a
normalization factor to ensure the weights sum to one, H is proportional to the noise level, while S(p, g) is defined
by (Froment, 2014; Wang et al., 2006):
Spa) =0 S Gla,b) [N (g, by — NP (g, ) Y (D4)
PO = Lig=—ds Lap=—as 7\ | N (p,a) ’ (i) ’ -
where
G(a,b) = exp [-(a* + b*)/25°] (D5)
d d
n_f = Zasz—ds bs:—dsG(a’ b) (D6)
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These equations calculate S(p, g) using the weighted Euclidean distance over two matrices of size d X d
(d =2 ds + 1). The Gaussian kernel G(a, b) allows for a Gaussian-weighted Euclidean distance in calculations,
with the standard deviation o controlling the kernel spread. Despite the efficiency of NLM, the process can be
computationally demanding and highly parameter-sensitive (Manjon et al., 2008; Wang et al., 2006). Addressing
these limitations, Ai, Alvandi, et al. (2023) proposed the MNLM filter which combines unweighted Euclidean
distance with Integral Image techniques. This modification enhances calculation speed and simplifies parameter
tuning. In this study, we used Ds = 15 and ds = 5, with a focus on the effect of H.

Appendix E: Mixed-Weighted Focusing Inversion

The general formulation for the weighted least-squares inversion is expressed by (Guillen & Menichetti, 1984):
- _ -1

Am' = (WL AT(AW) AT+ W) A (E1)

m'=m"~' + Am/,Ad=d - Am"! (E2)

where W is the weighting matrix, A denotes the kernel matrix, d represents the gravity data, m is the density
contrast vector, / denotes the current iteration, and u is the damping factor. Ghalehnoee et al. (2016) proposed an
effective mixed-weighted matrix which includes compactness (Wc) (Last & Kubik, 1983), the depth-weighting
(Wz) (Li & Oldenburg, 1996, 1998), and the kernel-weighting (Wa) (Portniaguine & Zhdanov, 2002). The
proposed matrix is given by:

(WEDY™ = WWHw, (E3)

where
W.=|: -~ o0 (E4)

mfre 0

W= ; 0 (E5)

N

ZA“ 0

i=1

W, = : 0 (E6)

N
0 0 > Awk
i=1

here, ¢ and £ are the parameters that controls the inversion, and ¢ is a small value to prevent numerical instabilities.
Finally, the data-weighting matrix (We) is expressed by Ghalehnoee et al. (2016):

(W)™ = diag[A(W,In_l)_lAT] (E7)

The commonly used objective function is the RMSE between the simulated and the observed or misfit as given
below:
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lld—d’l,

Misfit =
l1dll

(E8)

where d and d’ denote the observed and calculated data, respectively. Because of the complex nature of the
inversion procedure, the objective functions may not permanently result in efficient iterative performance or
produce reasonable outcomes. Hence, we employed the parameter variation function to prevent redundant
iterations.

PVF= |m'-m""|, (E9)

Appendix F: Correlation Imaging Method

The gravity anomaly f;, caused by a source centered at (x;, z) is defined by:

Tk

fur = GAM i=1,2,..M (F1)

[ —%)* + ZkZ]S/z,

where G is the constant term, AM is the mass contrast, and M represents the number of observation points.
Accordingly, the derived source imaging function is expressed by (Fedi & Pilkington, 2012; Guo et al., 2009):

Lk
[0 = %) + 2]

2
\/Z?il [fons () = o] X \/Z?il [M—k”z]y —ﬁ]

J=1,23,..M; k=1,2,3,...K

Z?il [ﬁ)bs (xi) _m] X [ 3/2 _ﬁdl:|

R(xj,z) = (F2)

where fys, fops and fo, are the observed, mean and calculated anomalies, respectively. M and K represent the
number of grid nodes in the horizontal and vertical directions, respectively. The result R is a dimensionless
parameter that indicates the likelihood of the source at each grid node (x;,z;) . When R(x;,z;) = 1, it suggests a
high probability that the grid node (x;,z;) contains a body with a positive density contrast.

Appendix G: Synthetic Test for Focusing Inversion and Correlation Imaging

A synthetic 2D gravity model (Figure G1a) was used to mimic the density distribution. The gravity inverse model
reconstructed via mixed-weighted focusing inversion is shown in Figure G1b. This reliable outcome was obtained
after optimizing the control parameters of the inversion procedure. Through some trial-and-error experiments, we
set these parameters as y =0.1,{ =2,£=0.8, and e = 10~°. In addition, we performed 10 iterations. Figure Glc
shows a general and smoother subsurface model produced by correlation imaging. On the other hand, focusing
inversion demonstrated better performance by yielding compact, well-defined density distribution that closely
conformed to the real model. The data fitting performance and convergence rate of the mixed-weighted focusing
inversion using various functions are shown in Figures G1d-G1f.

Notably, Figure G2 illustrates the density contrast distribution recovered from gravity inversion of the synthetic 2D
gravity model via the mixed weighting function with three different combinations of control parameters without
changing the y factor (shown in the left column; the exact values of the combinations of control parameters are also
denoted within). The associated fitting performance is shown in the right column. For simplicity, the convergence
curves are not shown. Each of the recovered density distributions is obtained via the mild alteration of the parameter
£, &, and &, and the retrieved models are obviously different. The fitting performance of the three cases is also
different. These features validate the well-known non-unique problem of gradient-based potential field inversion.
Nevertheless, it should be noted that we can at least know there are bodies buried under the selected profile, and the
resolution of the recovered model is much higher than that of the correlation imaging method, which does not need
any tuning of parameters but can only provide rough geometric information of the causative sources.
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Figure G1. The synthetic 2D gravity model (a), density contrast distribution through focusing inversion (b), estimated subsurface structure using correlation imaging (c),

data fitting performance of the inversion (d), and the stopping criteria variation across iterations (e and f).
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Figure G2. The density contrast distribution recovered from gravity inversion of the synthetic 2D gravity model via the mixed weighting function with three different
combinations of control parameters without changing the y factor (shown in the left column; the exact values of the combinations of control parameters are also denoted
within). The associated fitting performance is shown in the right column. For simplicity, the convergence curves are not shown.
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